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PREFACE. 



Most persona do not possess, and do not easily acquire, the 
povet of abstraction requiaite for apprehending the Geometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of bcginiiera in Geometry, it depends^ mainly upon the form in 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing interest 
and pleasure. 

■In compiling the present treatise, this fact has been kept con- 
stantly iu view. All unnecessary discussions and scholia have 
been avoided ; and such methods have been adopted as experi- 
ence and attentive observation, combined with repeated trials, 
have shown to be most readily comprehended. No attempt lias 
been made to render more intelligible the simple notiohs of 
position, magnitude, and direction, which every child derives 
fro^ observation ; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, which stand for words and not for operations, 
have been used, but these are of so great utility in giving style 
and 'persjncmty to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are lai^e and distinct, and are placed in the middle 
of the page, so that they fall directly under the eye in imme- 
diate connection with the corresponding text. The given lines 



of the iigUTea are full lines, the linea employed as aidt in the 
demoiistiatioiis nre short-dotted, and the rerultinff lioes are long- 
dotted. 

Id each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the dem<]natration in still another. The reason for each step 
is indicated in smalt type between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
of the section, however, on which the reason depends is placed 
at the aide of the page. The constituent parts of the propo- 
sitions are carefully marked. Moreover, each distinct agaertion in 
the demonstrations, and each partUular direction in the crmslruc- 
tioTig of the Ju/ures, hegint a nete line ; and in no ease is it necei- 
tary to turn the pa</e in Trading a demonilration. 

This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly femiliar with 
the language of Geometry, acquires facility in simple and accu- 
rate expression, rapidly leania to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly bo 
considered as corollaries. Tlie reason for this is the great diffi- 
culty of convincing the average student that any iiuportanco 
should be attached to a corollary. Original exercises, however, 
have been given, not too immerous or too difficult to diacourftge 
the beginner, but well adapted to afford aii eifectual teat of the 
degree in which he is mastering the subjects of his reading. 
Some of these exercisea have been placed in the early pai-t of 
the work in order that tjie student may discover, at the outaet, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicioua labor ; 
but to learn their uses and applicationa, and to acquire a readi- 
neaa in exemplifying their utility, is to derive the full benefit 
of that mathematical training which looks not so much to the 



attaitiment of iaformcUitm as to the diecipline of the mental /ac- 
uities. 

It only remaiQa to expreaa my sense of obligation to Dr. 
D. F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any su^estiona relating to the 
work vrill be thankfully received. 

G. A. WENTWOETH. 

Phillips Esetgb Acadbut, 
JaDuaiy, IS78. 



NOTE TO THIRD EDITION. 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Ratio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THS TEACHEB. 

When the pupil is reading each Book for the first time, it will he 
well to let him write his proofs on the blackboard in his own lan- 
gui^^ ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work), and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a langu^ lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and will allow a brief interval for deliberating on each step. 

After a Book has been read In this way the pupil should review 
. the Book, and should be required to draw the figures free-hand. He 



should state and prove the propositions orally, using a. pointer to 
indicAte on the figure every line and angle named. He should be 
encouraged, in reviewing each Book, t« do the original exeroiaea ; to 
state the converse of propositions ; to detenuine from the Btatement, 
if possible, whether the converse be true or false, and if the c( 
be true to demonstrate it ; and also to give well-considered a 
to questions which may he asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
arithmetically, the principles of limits. Thus a rectangle with a 
. constant base b, and a variable altitude x, will afford an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of tHe rectaugle a 6 as a 
limit ; if, however, x decrease and approach zero as a limit, the area 
of the rectangle decreases and approaches zero for a limit An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If, for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^, -^, ^^, ^ft^ etc., and 
these values multiplied by 60 give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into J (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
B*"*^. A' th' FijW' JT*77. etc., which approaches zero as a limit, 
we shall get the decreasing series, 2, \, -^, j^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete compiehen- 
Eton of the whole subject of limits. 

The Teacher is likewise advised to give frequent written elimina- 
tions. These should not be too difficult, and sufficient time should 
be allowed for accurately constructing the figures, for choosing the . 
best langu^e, and for determining the best arrangement. 

The time necessary for the reading of examination-books will be 
diminiflhed by more than one-half, if the use of the Bymhols employed 
in this book be permitted. 

G. A. W. 

pBiLLiPS Exeter Acadeht, 
Jauuaiy, lS7d> 
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RECmiirBAR FIGURES. 



Intbodikttort Rguarks. 

A HOUGH block of marble, under the atone^iutter's hammer, 
may be made to assume reg-alarity of form. 

If a block be cut in the shape repre- 
Bented in this digram, 

It will have tue flat faces. 

Each face of the block is called a Sur- 
face. 

If these surfaces be made smooth by pol- 
ishing, . 80 that, when a straight-edge is applied to any one of 
them, the straight-edge in every part will touch the surface, the 
surfaces are called Plane Surface*. 

The sharp edge in which any two of these surfaces meet is 
called a Line. 

The place at which any three of these lines meet is called a 

If now the block be removed, we may think of the j^ace 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, aa having turfaccs or boundaries 
which separate it from surrounding space. We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Geometry, is a limited poiv 
tion of space. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conceive of surfaces apart from solids, and 



suppose them of unlimited extent. Likewise « 

lines apart from snrfaces, and suppose them of unlimited length; 

of. points ap^ /(oju^lkiee as ha.\mg position, but no extent. 

i'\i\^\y\', ':''•'• ' -.'• .rfeFiNiTioNs. 

1. Def. Space or Extendon has three Dimentions, called 
Length, Breadtli, and Thichneu. 

2. Bef. a PoiiU ha3 position without extension. 

3. Def. A Line has only one of the dimensions of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Def. A Surface has only tioo of the dimensions of ex- 
tension, length and breadth. 

A surface may be conceived as generated by a line in motion. 

5. Def. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright 
surface A B CD move to the right to 
the position E F H K. The points 
A, B, C, and D will generate the lines 
AE,BF,CK, and,/* H respectively. C ~~ K 

And the lines AB, BD, DO, and A C will generate the sur- 
feces A F, Bff, DK, and A K respectively. And the surface 
ABC D will generate' the solid A H. 

The relative situation of the two points A and H involves 
three., <mA imly three, independent element*. To pass from A to If 
it is necessary to move East (if we suppose the direction A E to 



DBPmiTI0N8. 

be due East) a distance equal to A E, Korth a distance equal to 
£F, and down a distance equal to F H. 

These thtee dimenBions we designate for convenience length, 
breadth, and thicknesa. 

G. The liniita (extremities) of lines are points. 
The limits (boundaries) of sudacea are lines. 
The limits (boundaries) of solids are surfaces. 

7. Def. Extension is also called Magnilmh. 

When reference is had to extent, lines, surfaces, and solids are ' 
called magaituda. 

8. Dep. a Straight line ia a line which has 
the same direction throughout its whole extent. 

9. Dep. a Curved line is a line which changes ^ ^ 

its direction at every poiht. 

10. I>EF. A Broken line is a series of con- /^ '~~\ 
nected straight lines. 

When the word line is used a straight line Is meant ; and 
when the word curve is liaed a curveil line is meant. 

1 1. Def. a Plane Surface, or a Plane, ia a surface in wliich, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Def. A Carved Surface is a surface no part of which 
is plane. 

13. Figure OT form depends upon the relative poaition of 
points. Thus, the figure or form of a line (stra^'ht or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the relative position of 
points in that surface. 

When reference is had to form or ihape, lines, surfeees, and 
solids are called figare». 

L)^.i.«.iivC,OOt^lc 
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14. Dep. a Plane Fiffitre is a figure, all points of which 
are in the eame plane. 

16. Def, Geometry is the science which treats of position, 
magnitude, and form. 

Pointe, lines, surfaces, and sohds, with their relations, are 
the geometrical cowxptioni, and constitute the subject-matter of 
Geometry. 

16. Plane Geometry treats of plane fignreg. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed by straight hnes are called rectilinear 
figures ; those formed by curved lines are called curvUiaear fig- 
ures ; and those formed by straight and curved lines are called 
mixtilinear figures. 

17. Def. Figures which have the eame form are called 
Similar Figjira. Figures which have the same extent are called 
EqaivalerU Figures. Figures which have the same form and 
extent are called Equal Figures. ^ ■ 

On Straight Likes. 

18. If the direction of a straight line and a point in the 
line be known, the position of the line is known; that is, a 
straight lino is determined in position if its direction and one of 
its points be known. 

Hence, aU straight lines wkieh pass through the same point in 
t/te same direction coincide. 

Between two points one, and hut one, straight line can be 
drawn ; that is, a straight line is determined in position if tmo of 
its points be knovni. 

Of all lines between two points, the shortest is the straight 
line ; and the straight line is called tlie distance between the 
two points. 
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The point /rom which a line isjiiawn is called its origin. 

19. If a -lioe, as C £, ^ ■ 'j " , be produced through C, 
the portions CB and CA may be regarded as different lines 
having oppotUe directions from the point C. 

Hence, every straight line, a& A B, ^ f , has two opposit* 

directions, namely from'il toward B, which is expressed by say- 
ing line A B, and from £ toward Af wliich is expressed by 
Baying line B A. 

20. If a straight- line change its magnitude, it must become 
longer or shorter. Thus by prolonging A B io C, "^ f '^ , 
AC=AB + BC; and conversely, BC = AC—AB. 

If a line increase so tliat it is prolonged by its own magnitude 
several times in succession, the line ia mtihiplied, and the result- 
ing line is called a multiple of the given line. Thus, it A B = 
BC^CD, etc, ■* f ^ 1 ^, then AC=2AB, AD = 
ZAB, etc. 

It must also be possible to divide a given straight line into an 
assigned number of equal parts. For, assumed that the «th 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth part would not he attainable. Among 
these multiples, however, we should reach the nth multiple of 
this Hth part, that is, the line itself. Hence, the line itself would 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it it always possible to add, subtract, viuUiply, and 
divide lines of given length. 

21. Since every straight line has the property of direction, 
it must he true that two straight lines have either the same 
direction or different directions. 

Two straight tines which ?iave the same direction, witAatit coin- 
ciding, can never meet; for if they could meet, then we should 
have two straight lines passing through the same point iu the 
same direction. Sucli lines, however, coincide. § 18 
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22. Ttno straight li)ie» which lie in the same plane and have 
different directimis must meet if tuJicieiUl^ prolonged ; and must 
have one, and but one, point in crnnmon. 

Conversely : Two UTaight lines lying in the same plane which 
do not meet have the same dii-ection ; for if they had different 
directioua they would meet, which is contrary to the bypothesia 
that they do not meet. 

Two straight lines which meet have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Def. An Angle is the difference in direction of two 
lines. The point in which tlie lines (prolonged if necessary) 
jneet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the three let- 
ters, putting the letter at the vertex between the other two. When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 




calling it angle A. But in Fig. 2, IF is the common' Tertex of 
two angles, so that if we were to say the angle If, it would not 
be known whether we meant the angle marked 3 or that 
marked 4, We avoid all ambiguity by reading the former as 
the angle EHD, and the latter as the angle ^HF. 
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The magnitude of an angle depends wholly upon the rxtiiU 
of opening of its eidee, and not upon their B 

length. Thus if the sides of the angle BAG, / 

namely, A B and J C, be prolonged, their / 

extent of opening will not be altered, and the A'^ C 

Kize of the angle, consequently, will not be 



24. Def. A^acent Angles aie angles 
having a common vertex and a common 
side between them. Thus the angles 
C D E and C D F aw adjacent angles. 

25. Def. a Sight Angle is an angle included between two ' 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 

through the vertex are equal - Thus if the 
straight lino A B meet the straight line C D 
so that the adjacent aisles ABC aaA ABD 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. Perpendicular Linet are lines 
which make a right angle with each other. 

27. Def. An AcJite Angle is an angle ( 
less than a right angle ; as the angle BAG. 

28. DiEF. An Ohtute Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Def. Acute and obtuse angles, in 
distinction from right angles, are called o6- 
liipu anglee ; and intetsectii^. lines which ai 
to each other are called <Mi(iue lines. 

30. Def, The Complement of an angle is 
the difference between a right angle and the 
given angle. Thus A BD is the complement 
of the angle DBG; also DBG ia the com- 
plement of ihe angle ABD. 



e not perpendicular 
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31. Dep. The SuppUment of an augle 
is the diiference between two right angles 
and the given angle. Thus A CD is the 
supplement of the angle DCB;a\aoDCB 
ia the supplement of the angle AC D. 

32. Def. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles ADD and COB are 
vertical angles, as also the angles A C 
and. DOB. 



* On Angular MiONiTUDE. 

33. Let the lines B B' and J X' bo in 
the eame plane, and let 55' be perpen- 
dicular ia A A' 9.i the point 0. 

Suppose the straight line C to move ^' 
in this plane from coincidence with A, 
about the point as a pivot, to the po- 
sition C; then the line OC deaeribea or 
generate) the angle AOC. 

The amount of rotation of the line, from the position 0^ to 
the position C, is the Angular MagnitvcU AOC. 

K the rotating line move from the position 0^ to the po- 
sition OB, perpendicular to A, it generates a light angle ; to 
the position A' it generates two right angles ; to the position 
OB', as indicated hy the dotted line, it generates three right 
angles; and if it continue its rotation to the position OA, 
whence it st-arted, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to fotir right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right ai^es. 



DEFIMTIONS. 




^Mf. 



Fig, L Kg. 2. 

34. Kow since the angular magnitude about the point is 
neither increased not diminished by the number of lines which 
radiate from that point, the mm. of all the angUt about a point 
tn a plane, as A S+ S C+ G D, etc., in Fig. 1, is equal 
to fimr right angles ; and the »utn of all the anglet about a pmtU 
on one side of a straight line drawn through that point, as 
AOB + BOC+COD, etc., Pig. 2, ia equal to two 7-ight 



Hence two adjacent angles, CA and OCB, 
formed by two straight Hues, of which one ia 
produced from the point of meeting in botli di- 
rections, are supplements of each other, and may j 
be called suppUmeiUary adjacent angles. 



On the Method of Superposition. 
35, The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two stmight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they cati be so placed tliat their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume that a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
without altering the difference in direction, of its aides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, ABC and A' B' C. Let 
the side £ C be placed on the side 

jS" C", so that the vertex B shall fall on B', then if the side B A 
fiiU on 5M', the angle ABC equals the angle A- B' C ; if the 
side B A fall between B' C and B' A' in the direction ff D, the 
angle J 5 C is less than A' B' C" ; but if the side £ ^ fall in the 
direction B'E, the angle ABCh greater than A' B' C. 

This method of superposition en- g (^ 

ables U9 to add magnitudes of the 

same kind. Thus, if we have two c D 

straight lines AB and CD, by ^ ^ 

placing the point C on B, and keeping C D in the same direc- 
tion with A B, we shall have one continuous straight line A D 
equal to the sum of the lines A B 
and CD. 

A^in ; if we have the angles 
ABC and D S F, by placing 
the vertex B on E and the side 
BC in the direction of ED, the 
angle J ^C* will take the position 
AffD, and the angles DBF and 
ABC wUl together equal the an- 
gle AEF. 




Mathematical Terms. 

36. Def. a DemotDtration is a course of reasoning by which 
the truth or falsity of a particular statement is logically establbhed. 

37. Def, A Thenrem ia a truth to be demonstrated. 

38. Def. A Congtructiim is a graphical representation of 
a geometrical conception, 

39. Def. A Pmblem is a construction to be effected, or a 
question to be investigated, .■^■•,-.,-y^ 
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40. Dbf. An ^;rttMn is a truth which ia admitted without 
demonstration. 

41. Def. a Pottulate is a problem which is admitted to 
be possible. 

42. Def. A Fropogition is either a theorem or a problem. 

43. -Def. A Corollary is a truth easily deduced iiom the 
proposition to which it is attached, 

44. Def. A Scholium is a lemark upon some particular fea- 
ture of a proposition. 

45. Dep. An HypoikfsU is a supposition made iu the 
cuunciation of a propoaition, or ia the couise of a demonstration. 

46. Axioms. 

1. Tilings which are equal to the same thing are equal to each 

other. 

2. When equals are added to equals~^the sums are equal. 

3. When equals are taken from equals the remainders are equal. 

4. When equals are added to unequals the sums are, unequal. 

5. When equals are taken from uuequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the B&me thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to all its parts taken together. 

47. Postulates. 
l*t it be granted — 

1. That a straight line can be drawn from any one point to auy 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can he described about any 

centre, at any distance from that centre. 
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48. Symbols and ABBBEviAUONa 



.', therefore. 

= is (or aro) equal to. 

Z .„gl,. 

A angles. 

A triangle. 

&L triangles. 

II parallel. 
O parallelogram 
HJ parallelograms. 
X perpendicular. 
J» perpendiculars. 
rt. Z right angle. 
rt. A right angles. 

> is (or are) greater than. 

< is (or are) less than, 
rt. A right triangle, 
rt. A right triangles. 

O circle. 

© circles. 

+ increased by. 

— diminished, by. 

X inultiplied by. 

-i- divided by. 



Post, postulate. 

Def. definition. 

Ai. axiom. 

Hyp. hypothesis. 

Cor. corollary. 

Q. E. D. quod erat demonstran- 
dum. 

Q. E. F. quod erat faciendum. 

Adj. adjacent. 

Ext.-int. exterior-int«rior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. Eupplementary-adja- 
cenL 

Ex. exercise. 

111. illustration. 
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pekpendiculab and obuqub iinks. 15 

Sn Perpendicular and #bliqde Lines. 

( FbCFCSITISN I. TBE9REM. 

49. W^hen one »traigkt line crostet another tiraigkl line 
the vertical a»gle» are equal. 




Let line P cross A B &t C. 



Wt^ntaproK ZOCB-iLACP. 




ZOCi + ^ OCS- 2 It. A, 


534 


{beiJig stip.-<u^. iS). 




Z0CA + ZACP = 2Tt. A, 


§34 


(being mp..adJ.A). 




ZOCA + AOCS = ZOCA + ZACP. 


All 



Take away from each of these equals the common /.OQ A. 
Then A OCB = ^ACP. 

In like manner we may prove 

^ACO = Z. PCB. 

Q. E. O. 

50. CoROLLART. If two gtra^ht lines cut one another, the 
four angles which they make at the point of intersection are 
together equal to four right anglea. 
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Proposition II. Theorem. \ 

51, Wieti the mm, of two adjacent angles m eq^ual to two | 
right angleg, tkeiT exterior sides form, one and the aame 

straight line. \ 



Let the adjaceat aaeles Z 0CA + Z0CS^2rt. A. 

We are lo prove A and C B in the tame straight line. 
Suppose C /" to bo in the same straight line with A C. 

Then ZOGA + Z.0aF=2A.A. §34 

(beiiig sap.-adj. A ). 

But Z OC^ + Z OCS = 2 rt. A Hyp. 

.■.2L0CA + /.aCF='/.00A + £ 00 B. Ax. 1. 

Take away from each of these equals the common Z.OC A. 
Then ZOCF=AOaB. 

,'. C B and C^coincidc, and cannot form two lines as rep- 
resented^ in the figure. 

.'.AC and C it are in the same straight line. 
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PKRPENDICITLAB AND OBLIQUE LINES. 1 

Proposition III. Thborbu. 
52. A perpendicular meaturei the shoftot dittanee frv. 
a point to a itraigkt line. 



Let AB be the given stzaight line, C the given point, 
and CO the peipeadicul&r. 

We are to prove C0< any ot/ier line drawn from C to A H, 
aaCF. 

Produce COio E, making OB=CO. 

DrawEF. 
Oa AS as an axis, fold over OCF until it comee into the 
plane otOFF. 

Tlie line C will take the direction of OF, 
{situeZCOF^ Z.BOF, each being a rt. Z). 
The point C will fall upon the point E, 



(«■, 



! = O E by com,). 



.•.\mQCF=\imFE, 
{having tfuir ea^remitia in the tame poinii). 
.-. CF+ FE=2 OF, 
and CO + 0E= 2 CO. 

Bat CO + 0E< CF+ FE, 

(a straight line ta ike akorlest dislaace between Itno po 
Substitute 2 C for (7 + OE, 

and 2CF{otCF+ FE ; then we have 
2 C0< 2 OF, 
.•.CO<CF. 



5 18 



§ 18 
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Proposition IV, Theobeh. 

53. Two oliUque lines drawn from a point in a perpen- 
dicular, eutiinff off equal diatances from tlie foot of the jier- 
peadicttlar, are equal. 




Let F C be the peipendicnlar, and G A aad C two 
oblique lines catting off equal distances from F. 



We are to prove C A = C 0. 



Void oYBi C F A, on C F as 
plane of C J" 0. 

FA will take the direction oi FO, 
{since Z CFA = /. CFO, eachbdng a rt. L). 

Point A will fall upon point 0, 
{FA = FO, by hyp)- 

.'.line CA = line CO, 
(Oteir extremiiita bring Vie savie poinU), 



until it comes into the 
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PitOFosiTios V. Theorem. 

54. The sum of two lines drawn from, a point to the ex- 
tremities of a straight line is greater than the sum of two 
other lines similarly drawn, but included by them. 




Let C A and C B be two lines di&wn trom the point C 
to the extremities o£ the straight line A B. Let A 
and OB be two lines similarly drawn, but included 
byCA andCB. 

Wearetoprove CA + C B> 0A + OB. 

Produce A to meet the line CB at £. 

Then AC+ CE>AO + OB, §18 

(a straight line is llu shortest diitance bctineen (uM points), 
and BB+OE>BO. § 18 

Add these inequalities, and we have 
€A-\-CE-<rBE+OB>0A-{-OE+OB. 
Subatitute for C ^ + .S ^ its eqiial C B, 
and take away E from each side of the inequaUty. 
We have C A -^ C B> A ^- B. 

Q. C. D. 

„ ,..,„,C,oo'^lc 
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Proposition VI. Thbobbm. 
55. Of two oblique linet drawn fi-om the game point in a 
perpendicular, cutting off unequal distances from the foot of 
the perpendicular, the more remote is the greater. 




F be perpendicular to AB, and C K and C H two 
Ugae lines cutting off unequal distances from F. 

earefoprove CH> C K. 

Produce CF to E, making FE = C F. 
DN.W EKmA EH. 
CH= HE,a.-aACK = KE, § 53 

que lilies drawn from the same point in a X, caviling off" eqitnl rfis- 
lanixs from the fool of the X, art equal). 

it CH+HE>CK+KE, §54 

11 of two oblique lints drawn from a point to the extremilies of a 
igfU line is greater (kan the saw of lico other lines similarly drawn, 
included by ihem) ; 

.-.2 CII>2 CK; 

..CH>CK. 

Q. E. D. 

'. CoBOLLABY. Only two equal straight lines can be drawn 
point to a straight line ; and of two unequal lines, the 
cuts off the greater distance from tlie foot of the perpen- 



PBRPENDICULAB AND OBLIQUE LIMES. 



Proposition VII. Theorem. 

57. Ttoo equal oblique lines, drawn from (he tame point 
in a perpendicular, cut off equal dittancea from ihefuot of 
the perpendicular. 




Let C F be the peipeadicular, aad C E andC K be tw^o 
equAl oblique lines dr&wn Aom the point C. 



Fold over CFA 
aeoICFR 



FE = FK. 
I C ^ as an axis, ii 



The line FE will take the direction F K, 
{/.GFE = £CFK, each being a Tt.Zy 

Then the point ^muat fiill upon the point K ; 

otherwise one of these oblique lines must be more remote from 
the X, 

and .'. greater than the other; which is contrary to the 
hypothesis. 5 55 

.■.FE = FK. 
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Proposition VIII. Thbohem. 

58. If at the middle point of a straight Hne a perpen- 
dicular be erected, 

I. Any point in the perpendicular is at equal distances 
from the extremities of the straight line. 

II. Ani/ point without the perpendicular it at unequal 
distances from the extremities of the straight line. 




Let PR be s poipendicular erected at the middle ox 
the straight line A B, any point in PS, and any 
point without PS. 

I. DiawOA and OB. 

Wearetoprove OA = OB. 

Since PA^PS, 

OA^ OB, 5 53 

(tieo iMiqiie lines draitm, from the same point in a _L, eaiiing njf eqtial dis- 
tances from thr.foot of the X, are equal). 

IL Drawee and (75. 

We are to prove C A and C B itneqitat. 

One of these lines, as CA, will intersect the J_ 
From D, the point of intersection, draw D B. 

I,,. ,-..,„,Coot^lc 



PERPENDICULAR AND OBLUJtlB LINES. 



(twc oUigue Unfa draum from, the mme point ina X, catting off eqaal dii- 
tancea/Tom the foot (^Ihe ±, are equal). 

CB<CD+ DB, § 18 

(a straight line ia ike ahortesl distance between two points). 

Substitute for DB its equal D A , then 
CB<Cli + DA. 
But CI> + DA=CA, Ax. 9. 

.■.CB<CA. 

Q. E. D. 

59. The Locut of a poirit ia a line, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the loeus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a strai^rht line determine the perpendicular at the muldle 
point of that line. 



Ex. 1. If an angle he a right angle, what is its complement? 

2. If an angle he a right angle, vfhat is its supplement t 

3. If an angle be f of a right a^gle, what is its complement! 

4. If an angle be J- of a right ai|g1e, what is its supplement ? 

5. Show that the bisectors of Wo vertical angles form one 
and the same straight line. ,' 

G. Show that the two straigM lines which bisect the two 
pairs of vertical angles are perp*ndicula# to each other. 
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Proposition IX. Theorem, 

61. At a point in a straight line only one perpendicular . 
to that line can be drawn ; and from a point without a 
straight line onlg one perpendicular to that line can be drawn. 



Let BA {tig. 1) be perpendicular to C D at the point B. 

We are to prove B A the only perpendicular to C D at the 
point B. 

If it be possible, let B ^ be another line ^.laC Dai B. 

Then Z. E B D is & rl. /.. § 26 

But ZABD isart. Z. |- 26 

.-.Z EJiD = Z ABB. Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 

In like manner it may be shown that no other line but BA 
ia±toCBatB. 

Let AB {fig. 2) be perpeadicalar to C I> trom the point A. 

We are to prove A B the only J. to G D from the point A. 

If it be possible, let A E h& another line drawn from A 1. 
to CD. 

Conceive Z A E B iohe moved to the right until the ver- 
tex E falls on B, the side EB continuing in the line CD. 

Then the line E A will take the position BF. 

Now if j1 £ be ± to CD, .S f is J. to C Z), and there will 
be two -!• to C /J at the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
AB\sl.ioCD from J. q.e.b. 

62. Corollary. Two lines in the same plane perpendicidar 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of meeting to the same line ; which 
is impossible. ■^..,..,-^.^ 



On Parallel Likes. '^~.; ^_ _ - '_'^^-- ' 

63. Parallel Linea are straight linos which lie in the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Two paralitl lines cannot meet. 5 21 

65. Two lines in fke tame plane perpendicular to a given 
line have the tame direction (§ 62), and are therefore parallel. 

66. Thr&itgh a given point only one line can be drawn par- 
allel to a given line. § 18 




If a Btraijjht line EF cut two other straight lines AB 
and GD, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Inferior angles. 

The angles 2, 3, 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called AUemaie- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

The pairs of angles 1 and 5, 2 and ^4 and 8, 3 and 7 are 
called Exta^or-interior angles. '- 



PROFoaiTioN X. Theorem. 



67, If a Hi'aight line be perpendicular to one of two 
parallel lines, it is perpendicular to tie other. 



Let A B And E F be two parallel Hues, and let H K be 
peipendiculoT to A B. 

We are ti^rove HK:LtoEF. 

Through C draw M N \. to UK. 

65 



Then 

(Two lines I 


MNis II \.oAB. 
n the mme plane Xloa given line a 


5 

re parallel). 


But 


EF k W to A B, 


Hj 


(ThTough the san 


.-. ^/"coiDcidea with 3fN. 

le point only one line can be drawn 1 

.-.EFi^XioHK, 


to a given line) 


that is 


N K is ± to EF. 





PAEALI^L LINES. 



Proposition XI. Theorem. 



68, If two parallel straight lines 6e cut 6y a third 
ttraight line the alternate-interioT angles are equal. 



X,et EF &ad GH be two pazaUel straight lines cut by 
the liae BC. 
We are to jn-ove ZB=ZC. 

Throi^h 0, the middle point of S 0, draw ADXtoGff. 
Then ADia likewise ± to BF, 5 67 

{a straight line ± to one of two Wiii ±U> the other), 
that is, CD aod BA are both ±ioAD. 
Apply figure COD to figure BOA so that OB ehall fall 
on OA, 

Then C will fall on B, 

(since /.OOD = ^BOA, being vertical d) ; 
and point C will fall upon B, < 

(since 0C = OBby corulrudion). 
Then ± (7 Z» will coincide with X 5 -.i, §61 

(from a point loilhoul a straight line only one ± to that line can be iraiCTi). 
.•. Z OC D coincides with Z B A, and is equal to it. 

a. E, 0. 

Scholium. By the cmiverse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypotheais. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lines whiek never meet are parallel, is not true unless 
' the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration shoTO be required as an 
important exercise for the student. ^..■^■^i^.v 
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Proposition XII. Theorem. 

69. CoNVEHSELY : WAea two straight lines are ait by a 
third straight line, if the alternate-interior angles be eqtial, 
the tteo straight lines are parallel. 




Let S F cut the Straight lines A B andCDin thepoints 
H and K, and let the Z. A BK = Z HKD. 

We are to prove AB 1i to CD, 

Through the point H draw MN H ioCD; 

then Z MHK = ZHKD, § 68 

Ifieing all. -iiU. A ). 

But '/. AHK=Z HKD, Hyp. 

.■.Z.MHK=ZAnK. Ax. 1. 

.', the lines M N and A B coincide. 
But MNh II toC2>; Cons. 

.•. AB, which coincides with M N, is II to C D. 

Q. E. D. 
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Proposition XIII. Theobem, 



70. If two parallel Unea be cut hy a third itraighl line, 
Ike exterior-interior angles are equal. 



Let A B and C D be two parallel lines cat by the 
straight liae EF, in the points H aad K. 

We are to prove Z EHB = £ UKD. 

£EHB = ZAnK, §49 

(being ivrlicat ^ ). 

But ZAHK=^HKD, §68 

{being aU.-iiit. £), 

.■./:EHB = ZIIKD. As. 1 

In like manner we may prove 

ZEHA = ZHKC. 



71. CoROLLABT. The altftrnate-exterior angles, EHB and 
CKF, and aXmAHExaA DKF, are equal. 
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Proposition XIV. Theorem. 



72. CoNTBESELY : Wien two Hraigkt lines are cut by a 

third straight line, if the exterior-interior angles be equal, 
these two straight lines are parallel. 




Let EF cut the straight lines A. B and C D in the 
points U and K, and let the Z. EUB = L HKD. 

Weareioprmie AB II to C D . 

Thtongli thepoinf H draw the straigtit line MN II to CD. 

Then / EHN^ZHKD, § 70 

{being txt. -int. A ). 

But Z EITB = Z HKD. Hyp. 

.■• Z EHB = Z EUN. Ax. 1. 

.'. the lines M N and A B coincide. 
But MN \a II io CD, Cona. 

.". A B, which coincides with M N, is II to CD. 

Q. e. D. 
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PB0F08IT10N XV, ThBOBBM, 



73. If two parallel lines be cut by a third straight line, 
the sum of the two interior angles on the same side of the 
secant line is equal to two right angles. 




Let AB and CD be two parallel lines cat by the 
stzalgbt line EF in the points H and K. 

We are to prove Z. BHK + Z II KD = two rt. A. 

Z EHB + Z BIIK=2rt. A, § 34 

{being sjip.-adj. A). 

But Z EHB = Z HKD, § 70 

tpeing ad. -int. A). 

Subatitute ZHKD for ZEHB in the first equality; 
then Z BHK + Z IIKD = 2 rt. A 

Q. E. O. 
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Proposition XVI. Theorem. 



74. CoKVEESBLY : ff^A^K two straight lines are cut by a 
third straight line, if the two interior angles on the same side 
of the secant line be together equal to two right angles, then 
the two straight lines are parallel. 



Let EF cut the straight lioes AS and D in tbg 
points H and K, and let the Z. BHK + Z HKD 
equal two light angles. 

We are fo prove A B W to CD. 

Througli the point H draw MIf II to C D. 

Then Z NHK+ /. HKD = 2 rt. -^, § 73 

{being two interior A on the same aide oftlm aecant line). 

But ZBJIK+ Z HKD = 2Ti.A. Hyp. 

.■.ZNHK+ZHKD = ZBnK + ZHKD. Ax. 1. 
Take away from each of these equals tlie common Z H K I), 
then ZNHK=ZBHK. 

.". the lines A B and i/'j\^ coincide. 
But MNia II io D ; Cona 

.'. A B, which coincides with M 2f, is II to C D. 
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Proposition XVII. Thboekm. 



75. Two straight lines wkick are parallel to t 
straight line are parallel to each other. 



Let AB aJid CD be parallel to EF. 

We are to prove A B W to C D. 

DisiW ffKXtoEF. 

Since t'T) and ^i" are \\,HKia±toCD, 5 67 

{if a atraighl line be i. to one of Iwo \\s, it is ± to the other also). 

Since A B and BF are II, II JC is also ± to J .S, § 67 

.-.Z NOB = Z IIPB, 

(each being art Z). 

.-.ABisWto CI), 5 72 

(uift«)i two straigM lines are cut by a third straight line, if the ea't.-int. A 
be equal, the two lines are II ). 

Q. e. o. 



U5.t.z..JbvC,00'^IC 



GEOMETRY. — BOOK I 



Proposition XVIII. Theorem. 
76. Two parallel lines are everywhere equally distant 
from each other. 



O- ^ ^ ^ u 

Let A B and CD be two parallel Maes, and from any 
two points in AB, as E aod //, let MF and HK 
be diawa perpeadicalar to A B. 

We are to prove EF=HK. 

Now EF and UK are X to C -D, § 67 

(a line ± ta mc of two WsisXlathe other also). 
Let M be the middle point of EH. 
Diavt MP ± to AB. 
On MF OS aa axis, fold over the portion of the figure on 
the right of MF until it comes into the plane of the figure on 
the left. 

MB will fall on MA, 

<JorZPMH=ZPME, each being a rt. ^); 

the point H will fall on E, 

{for MH= ME, by hyp.); 

//.ffwilifallon A'F, 

(Jirr ^ M H K = ^ M E F, euchiaiig a rt. A); 

and the point K will fall on EF, or EF produced. 

Also, Pi> will fall on PC?, 

(ZMFK=ZMPF, eiKh being a rl. /.) ; 

and the point K will fall on F C. 

Since the point K falls in both the lines E F olrA P 0, 

it must fall at their point of intersection F. 

.■.HK=EF, 5 18 

(Uieir extremities being fJie same points). 
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Proposition XIX. Theoreu. 



77. Tieo angles wiofe *irfe« are parallel, (wo and lieo, 
and lie tn the same direction, or oppoiiie directiont,/rom llieir 
vertices, are equal. 



E^-^=^ 




Hg. 1. Fig. a 

Let A£ and E {Fig. ti have their sides BA and ED, 
and BC aad EF respectively, parallel and lying 
in the same direction from their vertices. 
We are to prase the Z. S = Z E. 

Produce (if necessary) two sidya which are not II until they 
intersect, as at ZT; 

then ZB = ZI>HC, §70 

{being cxt. -inl. A ), 

and ZE = ZDHC, 5 70 

.-.ZB'-ZE. As. 1 

Let A B" and E (Fig. 2) have B" A' and E' D>, and B' C 
and E' F' respectively, para,12el and lying in oppo- 
site directions from their vertices. 
We are to prove the Z B' = Z E. 



Produce (if necessary) two aides which a 
intersect, as at IP. 

Then ZS = ZEIi'C', 

{biing cd. -ird. A ), 


•e not li until Ihey 
§70 


and 




ZE = ZE'H'C; 

{IHng alt.-int. A\ ; 


§ 68 






.•.ZB' = ZE', 


,... A'O^a^^Ki'. 
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Pboposition XX. Theorem. 



78. If two angles have two aides parallel and Ipng in 
the same direction from their Vertices, while the other ttco 
sides are parallel and lie in- opposite directions, tlten the two 
angles are supplements of each other. 




Let A liC and 1) E F be two angles having B C and E I) 
parallel and lying in the same direction from theiz 
vertices, while E F and BA are parallel and lie in 
opposite directions. 

We are to prove Z. ABC and /. D EF supplements oj eacli 

Produce (if necessary) two sides which are not II until they 
intersect as at H. 

zabc = /:bjid, §70 

(b&inff ext.-int. A). 
/.DEF^ZBHE, 5 68 

{b':ing aU.-int. /&). 

Dnt Z BITD and Z B RE are supplements of each other, § 34 
(bnng siip.-adj. A ). 

.'. Z ABC and Z I) E F, the equals oi Z B U D and 
ZBH E, are supplements of each other. 



Ok Trianqleb. 

7D. Def. a Triangle is a plane figure bounded by throe 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parte of another triangle, each to each, the triangles are said to 
be equal in all reipeete. 

81. Def. In two equal triangles, the equal angles are called 
HomMogoKs angles, and the equal sides are called Homologotia 

82. In equal triangles the eqnal sides are opposite the 
equal angles. 



83. Dbp. a Scalem triangle is one of which no two sides 

8i. Def. An Isosceles triangle is one of which two sides 
are equal. 

85. Dbp. An Unilateral triangle is one of whicli the three 
sides are equaL 

86. Def. Tlie Saee of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of the 
equal sides is considered the base. 
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87. Def. a Right triangle is one which has one of the 
angles a right angle. 

88. Def. The side opposite the right angle is called the 
Ifypotemue. 

89. Def. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Dbf. An AeiUe triangle is one which has ail the angle* 
acute. 




91. Def. An Equiangular triangle is one which has all 
the angles equal. 

92. Def. In any triangle, the angle opposite the base is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Def. The Altitvde of a triangle is the perpendicular 
distance fromthe vertex to the base, or the base produced. 

94. Dep. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as jC CBD. 

95. Dep. The two angles ,of a triangle which are opposite 
the exterior an^e, are called the two opposite interior angles, as 
A A and C. 



TRIANGLE B. 




96. Any iide of a triangle is less than the sum of ike 
other two sides. 

Since a straight Uiie is the shortest distance between two 
points, 

AC<AB + BC. 

97. Ani/ side of a triangle is greater than the difference 
of the other two sides. 

In the inequality AC<AB+ BC, 
take away A B from each aide of the inequality. 
Then AC- AB<BC; or 

BG> AC- AB. 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the vertices of three angles of the triangle is greater 
than half the sum of the sides of the triangle. 

2. Show that the lomt of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 
drawn on opposite sides of A B, and at the given distance 
from it 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 
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Pbopobition XXI. Theorem. 



98. The mm of the three angles of a tTiangle is equal 
to two right angles. 



Let A BC be a triangle. 
We are to prove ^ B ■\- /. BC A + Z A = two rt. /^. 

Draw C M Wbo AB, and prolong A C. 

7henZECF+ Z EOB+ Z B0A=-2 rt. A, § 34 
{(ft« lum of all tie A oioul a poiiti on the same side of a strau/hi lijie 
= 2Te. A). 

But Z A = Z EOF, 5 70 

{being ej:t.-M, A), 

tmAZB = Z BCJ?, 5 68 

(filing aU.-iiU. A). 

Substitute ioxZ EC FaxiAZ BC E their equal A, A and B. 

Then ZA-\'ZB-^ZBCA = 2A.A. 

a. 6. D. 

99. Corollary 1. If tlie sum of two angles of a triftngle be 
known, the thirtl aiigle can be found by taking this sum from 
two right angles. 

100. CoH. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles irill be equaL 
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101. Cor. 3. li two right tri&ngles have au acute angle 
of the one equal to au acute angle of the other, the other acu(« 
angles will be equal. 

102. Cor. 1. Id a triangle there can be but one right angle, 
or one obtuse angle. 

103. Cor. 5. In a right triangle the two acute angles are 
complements of each other. 

lOi. Cor. 6. In an equiangular triangle, each angle ia one 
third of two right angles, or two thirds of one right angle. 



Proposition XXII. Theorem. 

105. Tie exterior angle of a triangle i« equal to tkeaun 
qf the two opposite interior a 




Let BCII be an exterior angle of the trtangle ABC. 
We are to prove A BCB= /- A + /C B. 

ZBCH+ZACB = 2Tt.A, § 34 

(peivg siip.-adj. A). 

Z A + ZB + Z ACB= 2 i-t A, § 98 

{three A o/a A = licorl. A). 

.■.ZBC'H+ZACB = ZA+ZB + ZACB. As. 1. 

Take away from each of these equals the common Z A CB; 
then ZBC/I=ZA+ZB. 
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Fbofosition XXIII. Theorem. 

106. Two triangles are equal in all respecls when Iwo 
gidet and the included angle of the one are equal reipectivelg 
to two tides and the included angle of the other. 




In the tri&agles ABC and A' B' C, let AB = 

AC=A'0',^A=ZA'. 

We are to prove A A B C = A A' B' 0'. 

Take up the A ABC and place it upon the A A' B 
that A B shall coincide with A' ff. 

Then -i C will take the direction of A' C", 
{Jor ^A^ ^A',l>y hyp), 

the point C will fall upon the point C, 
(for AC = A' C, by hyp.) ; 

1 .■.CB = C'B', 

{(heir extremit'Ua being the same points). 

,'. the two A coincide, and are eq^ual in all respects. 
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KtoposinoN XXIV. Theorem. 

107. Two trianffles are equal m all reapectt when a tide 
and two adjacent angles of the one are equal respectively to a 
aide and two adjacent angles of the other. 




In the txianglBS ABC and A' £> C, let A B = A' B', 

aa=/.a;z.b = /.b<. 

We are to prove AABC = AA'B'C. 

Take up A ABC and place it upon A A' B'C, so that 
A B dhall coincide with A' B'. 

A C will take the direction of A' C, 

{/orZA = ZA',byhyp.); 

the point C, the extremity of A C, wiU fall upon A' C or 
A' C produced- 

fi C will take the direction of B' C, 

{/or ^ B = Z B', bj hyp.) ; 

the point C, the extremity of B C, will fall upon S C" or 
B' C produced. 

.'. the point C, falling upon both the lines A' C and ff C, 
must fall upon a point common to the two lines, namely, C. 



Propositios XXV. Theorem. 



108. Two triangles are equal when the three sides of the 
~ respectively to ike three sit/es of the other. 




In the triangles ABC and A' & C, let A B = A' B, 

AC = A'0; BO 
We are to pi-<m AAB = A A' B' C. 
Place AA'B'C'in the position A B' 0, having ite greatest 
side A' C in coincidence with its equal A C, and its vertex at 



Draw B B' intersecting AC at H. 

Since AB = AB', Hyp. 

point A is at equal distances from B and ff. 

Since BC = B'C, Hyp. 

point C is at equal distances from B and B'. 

.-. J (7 is ± to BB' at its middle point, § 60 

{Iwo points al equal didanccs fi-om the ej^trimities of a straiijht line deter- 
mine (Ae ± ni (Ae middle of thai line). 
Now a AAB- Che folded over on X C as an axis until it 
conies into the plane of A ABC, 

II B- wiU fall on HB, 
(ff<T£.AHB = AA HB', each being a tI. /.), 



and point B' will fall on 1 
{for BB' = UB). 
'. the two A. coincide, and are equal ii 



all respects. 



TBI ANGLES. 



Proposition XXVL Theorem. 

109. Two right triangles are equal when a side and ihe 
hypotenuse of ihe one are equal respectively to a side and the 
hypotenuse of the other. 




In the light tiiaagles A £ C and A' £> C, l6tAB = A'B', 
and AC = A' C 

We are 10 prove A A BC •= A A' £' C. 

Take up the A A BC and place it upon A A' B' C, so that 
A B will coincide with A' B'. 

Then B C -will fall upon £• C, 

(Jar ^. A B C = ^ Ai B' C, cachbim a H. L\ 

and point C will fall UpoTi C ; 

otherwise the equal oblique lines A Cand A' C would cut 
off unequal diatancea from the foot of the -L, which is im- 



«! equal oUigue lines from a point ina LaUoff equal distances /ran 
fool of the ±). 

.'. thatwo A coincide, and are equal in all respects. 



vj by Google 
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Proposition XXVIL Theobeh. 

110. Two right trtanglet are equal tcken the hypotenme 
and ax acute angle of the one are equal respectively to tie 
hgpotenute and an acute angle of the other. 




In the light triangles A B C and A' B" C, let AC = A' C, 
and AA = A A'. 



We are to prom 


AABC = AA'B'C'. 






AC = A' C, 


Hyp. 




ZA = z a; 


Hyp. 


then ZC = ^C', 
{if I'm rt. A. haw an aciOe Zofthe one eqwU to an aeuU ^ 
then the other aouU A are rigual). 


§101 
of the other, 


{two & are eqtial v,ken 
naively 


AABC = AA'B'C', 

a side and two adj. A of the i^ 
oatidtandtvx, a^. A of the o(fer>. 


5 107 
Q.E. 0. 



111. CoROLLART. Two right triai^les are equal when a 
side and an acute angle of the one are equal respectively to an 
homologoua side and acute angle of the other. 
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. TRIANGLES. 



Pbopobition XXVIII, Theorem. 

ifflet o^oiile the 



112. In, an Uosceles triangle ike 
equal »ide» are equal. 




Let ABC be an isosceles triangle, having the sides 
AG and CS equal. 

We are to prove Z A = Z B. 

From draw the straight line CE so as to bisect the 
Z ACB. 



IntheAACEi^ndSCE, 




AC-BC, 


Hjp 


CE-OE, 


Iden 


^ACE~Z.BCE; 


Con. 



.■.AACE = ABCE, 

i/n equal when two fides and the ineluded ^ of (he one m 

itspectively to two sides and the included Z o/lhe other). 

.-.^A-ZB, 

(being homologoiM ^ of egual & ). 



Ex. If the equal sides of an isosceles triangle Ije produced, 
show that the angles formed wth the base by the aides produced 
are equal. i 
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pBOFOaiTioN XXIX. Theorem. 

113. A straight line which bisects the angle at th-e vertex 
af an isosceles triangle divides the triangle into t-wo equal 
triangles, is perpendicular t-o the base, and bisects the base. 




Let the line E bisect the L A C B 0/ the isosceles 

AACB. 

]Ve are to prove I. AACE=ASOE; 
II. HiieCE±toAB; 
ITT. AE = BE. 



\. In ihf, A A C E BxiA B C E, 






AC = BC. 


Hyp. 




CE = CE, 


Iden. 




ZACE = ZBCE. 


Cons. 


.■.AAGE=ABCE, ' 
and the included Zo/the oiher). 


§ 106 

Ui two sides 


Also, n. 


Z CEA = Z CEB, 




(n ilraigM line 


.■.CEis±toAB, 
meeting another, making Vie adjace^ d eqwU, ia ± to 
that line). 


Also, III 


AE = EB, 
(being komologoua sides of equal & ). 


*;!l^°-. 
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Proposition XXX. Thbobeh. 



114. If two angle* of a triangle be equal, the sides op- 
posite the equal angles are equal, and the triangle it isosceles. 




In the tziangle ABC, let the Z £ = Z C. 

We are to prove AB = AC. 

Dmw A D ±toI!C. 
In the rt. A ADBand A D 0, 

AJ) = A D, Iden 

Z B^ZC, 
.: rt. A A B n = It. A A D C, § 111 

(havtJtg a side and an acute ^ of the one cgaal reapeclively to a tide and ai 
acide /. of the other). 

.■.AB = AC, 

(beiny homdogovs sides of equal &), 



"Ex. ShoT that an equiangi^ triangle k also eqnUatemL 
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Proposition XXXI. Theorem. 
115. If two triangle* have two sidet of the one equal 
respective^ to two sides of Ike other, but the included angle 
of the first greater than the included angle of the seeovd, t&en 
the third side of the first will be greater than the third side 
of the second. 



A A^-^. A^ 




»/ \ 1/ \ \ .'^^ r ' 


^\ 


\^ \\ \ V '' "i 


C 


H ■^^' 




In the &^ ABC and ABE, let AB = AB, BO- 
but Z ABO Z ABE. 


= BE; 


Wearetoprove AOAE. 




Place the & so that ABoi the one shall coincide with A B 


of the other. 

Draw BFbo as to bisect /. BBC. 




Draw EF. 




Inth^AEBFa^dOBF 




EB = BC, 
BF = BF, 


Hyp. 
Ideu. 


ZBBF=ZCBF, Cons, 
.-.the A ^5 f and CBi" are equal, J 106 

and the included Z of the olhcr). 
.■.EF'=FC, 

Nov AF+F&>AE, §96 


{Ike sum oftm aides of a A is ^ater than the third side). 

Substitute for f ^ its equal F C. Then 

AF+ FC> AE; or, 




AOAE. 





TRIANGLES. 



Proposition XXXII. Iesorexl 

116. Convbr9Elt: If two xides of a triangle be equal 
reapeclively to two sides of another, but the third tide of the 
first triangle 6e greater than, the third side of the second, then 
the angle opposite the third side of the first triangle is greater 
than the angle opposite the third side of the second. 




In the AABCandA'ffO, let A B = A' ff, AC "^ A' C ; 
but BOS' C. 

We are toprrm /. A> /. A'. 
If ZA=ZA\ 

then would A J B C = A ^' £- C, § 106 

(having two lidei caid the incltided ZofOuimt equal Tespedivtly to two aides 
and thi indllded ^ of the olhtr), 
and BC = B'C', 

(being homologava fides ofeqtMl A ). 
And if A< A', 

then would BO<B'G', § 1 1 5 

(g" two tides of a A be equal respectively to two sides of another A, but the 
iiicliided Z of the first be greater than the included Z. of the second, (he 
third side a/ the first vHtl be greater than the third side of the seeoad.") 
But both these conclusions are contrary to the hypothesis ; 
.". Z A does not equal Z. A', and is not less than Z. A'. 
.••LA>Z A'. 
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Propobition XXXIII. Theorem, 

117. Of two aides of a triangle, tkat U the greater 
which is opposite the greater c 




In the triangle ABC let angle ACS ba greatBr than 
angle B. 

We are to prove AB> AC. 

Draw C£ so as to make Z B CE = Z B. 

Then .EC = EB, §114 

(being sides opposHe equal A ). 

Now AE+ EC> AC, §96 

(Ihe saw, of two aides of a A is greater than (he third side). 

Substitute for £ C its equal E B. Then 

AE+ EB> AC, or 

AB>AC. 



Ex. ABO and ABD ^re two triangle on the same base 
A B, and on the ^me side of it, the vertex of each triangle 
being without the other. It AC equal A D, show that B C 
cannot equal B D. 



Proposition XXXIV, Theorem. 

118. Of Iwo angles of a triangle, thai is {he greater 
which is opposite ike greater side. 




Xa the tri&nsle ABC let A£ be greater than A C. 

We are to prove /. ACB> Z. li. 

Take J £ equal in AG; 
Draw E 0. 



Z AEC = /. ACE, 
{being A opposite equal sides). 



But Z ABOZ li, 

(an exterior Z of a A is greater thav. either opposite inferior £ \ 

and Z ACB> Z ACE. 

Substitute for Z ^ C^ its equal Z AEC, then 

ZACB>ZAEC. 

Much more v&ZACB>Z.B. 



§112 
§ 105 



Ex. If the angles ABC and ACR, at the base of an 
isoBceles triangle, be bisected by the straight lines BD, CD, 
show that BBC will be an isosceles triangle. 
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Proposition XXXV. Theokbh. 

119. The three biseeton of Ike three angles of a Iriaugle 
meet in a point. 



Let the two bisectors of the angles A and C meet 
at 0, and B be diawn. 
We are to prove B bisects the /. B. 

Draw the JlOK,OP, and H. 
In thert. & OCK&aA OOP, 

00 = 00, Idea 

/.OOK-^ZOCP, Cons. 

.-.A OCK=A OOP, § 110 

{having the hypolemtse and an acuie A of the one equal respedively to tht 

hypotenuse and an acule Z. of the other). 

.-.OF- OK, 

(homolognits sides af equal A). 
Id the li. ^OAP and OA H, 

OA=OA, Hen. 

■ZOAP = ZOAff, , Cona. 

.•./^OAP = AOAH, § 110 

[having the hypotenuse avd an acute £. of the one equal rtsptetivdy to tJtv 

hypotenuse and an acute /I of the other). 

.■.0P=0 H, 

(being homologous sides of equal & ). 

But we have already shown 0P= OK, 

.-. OH=OK, Ax. 1 

Now ill ^. &^OUB^\\A.OKB 



OH=OK,a.TiAOB = OB, 

.-.A OHB = A 0KB, 

{having the hypol^lUM and a side of the one equal respectively tc 

nuM and a aide of the oilier), 

.-.Z OBII = Z OBK, 

(being htrmotogoua A of equal & ). 



Proposition XXXVI. Theorem. 
120, The three perpendiculars erected at the middle 
points of ike three aides of a triangle meet in a point. 




Let DJ)', ES, Ff, be tluee perpendiculars erected 
at D, E, F, the middle points ot AB,A C, and B 0. 

We are to prove tkej/ meet in tome pwiU, a» 0. 

The two J\i. D ly and EE' meet, otlierwiae they would be 
parallel, and A B and A C, being J? to these lines from the same 
point A, would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet 

Then, since is in i> If, which ia ± to .A £ at ite middle 
point, it is equally distant from A and B. § 69 

Also, since is in' E E', A. to AC at its middle point, it is 
equally distant from A and 0. , 

.•, is equally distant from B and C ; 

.•. is in FF" J- to 5 (? at its middle point, § 59 

(the locus of all points equally distant from the extremities of a straight line 
is the ± erected at the middle of that line). 

..,s,i-.p- . 
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Proposition XXXVII. Theorem. 

121. The three perpendiculars from ike vertices of a tri- 
angle to tlie opposite sides meet in a point. 



aIp \. 


/% 


r \ 



In tie tiianslB ABC, let B P, AH, C K, be the per- 
pendicaloTS tiom. the vertices to the opposite 
sides. 



We are to prove they meet in some point, as 0. 




Through the vertices A, B, C, draw 




A' S II- to B C, 




A- C II to A C, 




B' C II to A B. 




In the A X .B ^' and ^ 5 C, we have 




AB^AB, 


Iden 


ZABA'==ZBAC, 

{being aUernate inferior A), 


§ 68 


ZBAA- = ZABC. 


§68 



.•.AABA'=AABC, § I 

a aide and (mu adj. A of (he one egiial respectively to a aide a 
tieo adj. A of the other). 
.■.A'B = AC, 
{being homologous sides of egual & ), 

:. ...MvGoogIc 



liith»ACBC'»rAAJlC, 




BC-BO, 


Ideu. 


Z CBO' = Z BGA, 


§G8 


/.BCC'-'Z CBA. 


§68 


.-.ACBC'-AABC, 

adj. Aoftkeotktr). 


§107 
tide and tvo 



.■.BC' = AG, 
(Jetny homolagmti aides of equal A ). 

But we have already shown A' B ^ AC, 

.■.A'B = BC\ Ax. 1. 

.■- £ is the middle point of A' C 

Since BP is ± to J C, Hyp. 

it ia ± to X' C", § 67 

{a atraiglii line which i$ ± to one of two lis is ± <o (A* other also). 

But B is the middle point of A' C ; 

.'. B P is X to j4' C at its middle point. 

In like manner we may prove that 

X ^ is ± to j1' 5" at its middle point, 

and G K 1-to B' C at its middle point. 

.•.BP,AH, and C K are Ja erected at the middle points 
of the sides of the A A' B' C 

.". these Js meet in a point. § 120 

(pie tkret JS erected a( the middle points of the sides of a A iiieet in a poirU). 
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Ok Quadrilatgbaia 



122. Def. a Quadnlateral is a plane figure bounded by 
four straight lines. 

123. Def. A Tyapenura, is a quadrilateral whicb baa iio 
two sides parallel. 

124. Dep. a Trajyaoid is a quadnlateral which has two 
sides paralleL 

125. Def. A Parallelogram is a quadrilateral which has 
its opposite sides parallel. 



126. Def. A Rectangle is a parallelogram which has 
angles right angles. 

127. Def. A Square is a parallelt^ram which has 
angles right angles, and its sides equal 

128. Def. A Rhomhm is a paTallelogram which has 
sides equal, but its angles oblique angles. 

129. Def. A Rhomboid is a parallelogram which has 
angles oblique angles. 

The figure marked parallel(^ram is also a rhomboid. 
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130. Dep. The side upon whicli a parallelogram stands, 
and the opposite side^ are called its lower and upper bases ; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude oi a parallelogram or trapezoid is 
the perpendicular distance between its bases. 

^--''7 132. Def. The Diagonal of a 

^'- I quadrilateral ia a straight line joining 

/ any two opposite vertices. 



Proposition XXSVIII. Theorem. 

133. The diagonal of a parallelogram divides the figm 
into two equal triangles. 




Let ABC E be a. panOlelogmm, and A C its diagonal. 

. We are to prose A ABC = AASC. 
IntU A ABC and A EC 



AC = AC, 


Iden. 


ZACB^ZCAE, 


§ es 


{being alt.-int. A). 




Z CAB^^ZACE, 


§ 68 



.-.AABC^'AAEC, § 107 

{having a tide aiui tarn adj. d of Vie one equal respeUinely to a tide and two 
adj. A of the other). 



PK0P08ITI0N XXXIX. Theorem. 

134. In a paTalleloffram the opposite sides are equal, 
and .the opposite angles are equal. 



Z^ 



/y-'" 



Let the figure ABOE be a paiAUelogiam.. 

We are to prone BC = AE, and AB = EC, 

also, ^B = AE,and/.BAE = Z BC E. 
Draw A C. 

£xABC = AAEC, § 133 

(fhe diagmal of a O divides thef^n into two equal A). 

.■.BO = AE, 

and AB=OE, 

(b&ing homologous aides of equal A). 

Q/ffiiig hinnologoua A of eqwil & ). 

^ BAC = ZACE, 

and ZEAC = ZACB, 

{being homologoMi A of equal A). 

Add these last two equalities, and we have 

ZBAC+ZEAC'=ZACE+ZACB; 

or, ZBAE=ZBCE. 

Q. E. D. 

135. COROLUHY. Parallel linea comprehended between pa> 



QCADBTLAT&RAL8. 



Pbopositioh XL. Theorem. 



136, If a quadrilateTal have two sidet equal and par- 
allel, then the other two sides are equal and parallel, and the 
figure it a parallelqgTam. 



Let the Ogare ABCE be a quadiil&teial, baviag tbB 
side A E equal and parallel to BC. 



We areto prove A B equal and f> to EC. 




Draw i C. 




liOmAABCeiLiAEC 




BC^AE, 


Hjp. 


AC- AC, 


Men. 


^BCA = Z CAB, 


§68 


(being at. -inl. A). 





.■.AABC = AACE, § 106 

^having tuio tides and the included ^oftheime eqval respectively to tico aides 
and the iaclvded Z of the other). 

.■.AB = EC, 

(being hturuilcgmii side) of equal A ). 

Also, ZBAO = ZACE, 

{being homologoua A of equal &. ) ; 

.\AB is II to EO, §69 

(u?A«» Imo ttraight lines are cut by a third straigM line, if the olt.-inL A le 
equal the lines are parallel), 

.: the figuK A B C E is A CJ, § 125 

(the opposite sides being parallel). 
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Proposition XLL Theobgm. 

137. ^in a quadrilateral theoppoaite sides beequal, ike 

tre is a parallelogram. 



Let the figure A B G E be a qnadzilatex&l having 
BO = AE aad AB = EG. 

We are to prove figure ABG E a CJ. 

Draw A C. 

In the A 4 5 and -1 ^ (7 

BC = AE, Hyp. 

AB=CE, Hyp. 

AG = AC, Iden. 

.-.AABC^AAEC, §108 

(Aoronj three sides ofClieom equal respeetivdy to three sides of the other). 

.-.Z AOB = Z CAE, 

and Z BAC = ZAGE, 

(peivg homolagima A i)f equal & ). 

.-.BO is II taAE, 

and AB\s II i^EC, §69 

{lahen tieo straight lines lying in the mme plaTie are cut by a third straight 
live, if (he aU.-int. A be equal, the liites are parallel). 



.■.thefigure45C.ffisaD, §125 

{having its opposite sides parallel). 

...... ..Co^^l"- 



QUADRILATERALS. 



Propositioh XLII. Theobbh. 
138. , The diagonals of a parallelogram biteci each other. 




Let tbe agnre A BC E ha a paTaUelogr&m, and let 
the diagonals A C and B M cut each otber at 0. 



W,mapr<m A - 0, i-d B • 


-OE. 




InttoA^O-KaudBOO 






AE = BC, 




S134 








/ OAE-ZOCB, 




S6« 


(being alt..irU. /4 ), 






/ 0Ei.-£OBCi 




§68 


.-.i^AOB^ABOC, 




§ 107 


ng a side and Iwo arf;. ^ af the atu equal reajwuiii* 


'.ly (0 a 


me and boo 



adj. Aof Ihs olher). 



(iewij honwlogtnia sides of equal & ). 
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Proposition XLTII. Theorem. 

139. The diagonals of a rhombus bisect each other at 
right angles. 




Let the figure A B C E be a rhombas, having the 
diagonals A Bnd BE bisecting each other at 0. 

We are to prove /i A E and Z A B rt. A 

lathe A AOEmdAOB, 

AE = AB, §128 

(fiting aides of a Tlumibus) ; 

OE=OB, §138 

(iAe diagonals ofaCJ bistet cock otlier) ; 

AO-^AO, Iden. 

.■.AAOE=AAOB, §108 

(having three sides a/ the one equal reapectiitely to three siden ofihe ulher); 

.-.^AOE-^AOB, 

(fieing homologoia A ofeqaal &) ; 

.-.Z AOE&^AZ AOBo.KTt, A. §25 

( ll'lieii one straight line meets another straight line so at to tnaix the adj. 4 
equal, each Zisart. Z). 

Q.E. a 
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Proposition XLIV. Theorem. 
140. Ihoo parallelograms, luiving two sides and the in- 
cluded angle of the one equal respectively to two sides and the 
included angle of the other, are equal tn all respects. 



A DA' £» 

In the paraUelogTams ABC D and A' B' C D', let 
AB = A'B', AD = A'D\ and ZA = ZA'. 

We are to prove that the UJ are equal. 
Apply n ABCD to CJ A' B' C B', so th&t ADyrin&R 
on and coincide with A' D'. 

Then A B will fall on A' B", 

{for ^A = /.A', by hyp.), 

and the point B will fall on B', 
{/orAB^A'B', by hyp.). 
Now, BC and B' C are both II to A' D' and are drawn 
through point B'; 

.'. the lines B C and W C coincide, § 66 

and C falls on B' C ot B' C produced. 
In like manner B C and D' C" are II to A' £■ and are drawn 
through the point J)'. 

.-. D C and D" C" coincide ; § 66 

.'. the point C falls on I^ C, or D' 0' produce^l j 
.-. C £dl3 on both B' C" and D- 0':, 
,'. G must fall on a point common to both, namely, C 
.*. the two [U coincide, and are equal in all respects. 

141. CoKOLLinT. Two rectangles having tJte same base and 
altitude are equal; for they may be applied to each other and 
will coincide, , , , ^ .,.,,., ^ 



PBOPoaiTioN XLV. Theorem. 

142. The straight line which connects the middle points 
of the non-parallel sides of a trapezoid is parallel to the par- 
allel sides, and is equal to half (heir sum. 



Let SO be the stiaieht line Joining the middle points 
of the non-parallel sides of the trapezoid ABCE, 

We are to prove SO I! toAEandBC; 
aUo SO = i{AE+BC). 

Through the point draw FH II to A B, 

and produce BC to meet FO H a.t H. 

Inthe A/'O^andCO// 

OE=OC, Cons. 

Z.OEF=Z.OCH, §68 

l^mmg dU.'int. 4), 

£FOE = Z.GOH, §49 

(J«i!ifl vertical A ). 

.•.^FOE = ACOH, § 107 

{having a side and lino adj. A qflhe one equal TeapecHvely to a tide and two 
adj. A of the other). 



QUADRILATBTEALS. 



and OF = OH, 

(being hoTnolegmts sides of eqaal & ). 

Now FH= AB, % 135 

( II Hmx eompreJiended between II lines are equal) ; 

.■.FO = AS. Ax. 7. 

.-. the figure AFOSiB&CJ, 5 136 

(harnvg two opposite sidei equal a«d parallel). 



.-.SO is II to AF, 


$125 


{being opposite sides of a O). 




50 is also li toSC, 




(a (fmiyW line II to one of two II /mm is II (o (fa: lAher also). 




Not S0 = AF, 


§125 


0eing opposite sides of a O), 




and SO = BH. 


5125 


But AF=AE-FE, 




and BB^BC+CB. 





Substitute for A F and BH their equals, AE~ FE and 
BC+Cif, 

and add, obeerving that CR = FE; 

then 2S0 = AE+ BC. 

.•.SO = \{AB+ BC). 
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On Polygons in General. 

143. Def. a Polygon is a plane figure bounded by straight 

144. Def. The bounding lines are the sidei of the polygon, 
and their sum, as AB + SC+CD, etc., ia the Perimti^ of 
the polygon. 

The angles which the adjacent sides make with each other 
ate the angles of the polygon. 

145. Def. A Diagonal of a polygon is a line joining the 
vertices of two angles not adjacent. 



146. Def. An Equilateral polygon is one which has all its 
sides equal. 

147. Def. An Equiangidar polygon is one which has all 
its angles equal. 

148. Def, A Convex polygon is one of which no aide, 
when produced, will enter the surface bounded by the perimeter. 

149. Dbp. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. 

150. Def. A Cfmeave polygon is one of which two or more 
sides, when produced, will enter the sur&ce bounded by the 
perimeter. 

151. Def. The angle FDE]a called a Jte-entrant angle. 
When the term polygon is used, a convex polygon ia meant. 
The number of .sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 



152. Dep. Two polygons are E^pud, vhen they can be 
divided by di^onala into the same number of triangles, equal 
each to each, and similarly placed ; for the polygons can be 
applied to each other, aud the corresponding triangles vill evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Def. Two poli^gons are MiUwdly EquianyiUar, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABC DB F, 
and A' B' C ly E' P, in which Z A = /. A', ZB^ZB', 
ZO = ZC', etc 

154. Def. The equal angles in mutually equiangular poly- 
gons are called Homologous angles ; and the aides which lie 
between, equal angles are called Homologovt sides. 

165. Sbf. Two polygons are Mutually Equilateral, if the 
sides of the one be equal to the sides of the other, each to each, 
when taken in the same order. 



Hg. 1. Fig. a. Fig. 8. 

Two polygons may be mutually equiai^ular without being 
mutually equilateral ; as Figs. 1 and 2. 

And, except in. the case of triangles, two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
ifiey are equal, for they may be applied the one to the other so 
as to coincide. 

156, Def. a polygon of three sides is a Trigon or Tri- 
angle; one of four sides is a Tetragon or Quadrilateral; one of 
five aides is a Pentagon ; one of six sides is a Hexagon ; one of 
seven sides is a Heptagon ; one of eight sides ia an Octagon ; one 
often sides is a Decagon ; one of twelve sides is a Dodecagon. 
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Propobitioh SLVI. 



157. TAe sum of the interior angles of a polygon i» 
equal to two right angles, taken a* many times less two as 
the figure has sides. 




Let the figure ABODE F he a polygon having n sides. 

We are to prove ' • 

/: A + Z B+ ZO, etc., = 2rt. A {n~ 2). 
From the vertex A draw the diagonals AG, AD, and A E. 

The sum of the A of the A = the sum of the angles of the 
polygon. 

Now there are (n — 2) A, 

and the sum of the A of each A = 2 rt. ^. § 98 

.■. the sum of the A of the A, that is, the sura of the A of 
the polygon = 2 rt. zS {?j — 2). 

<a. E. D. 

158. COHOLLABT. The Slim of the angles of a quadrilateral 
equals two right angles taken (4: — 2) times, i. e. equals 4 right 
angles ; and if the angles he all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 



sides is equal to - 



'- right angles. 



\ 
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Pboposition XLVII. 



159. The exterior angles of a polygon, made by produ- 
cinff each qfUs ti^et in succession, are together equal to Jour 
rigM angles. 




Let the figure ABODE oe a polygon, having its sides 
produced la successioif. 
•Weave to prove the sum oflhefixl. A= i rt. A. 
Denote the int. A of the polygon hj A,S,0,D,I!; 
and ttie ext. A by a, b, c, d, e. 

AA + Za=2rt.A, § 34 

(being sup. -adj. A ). 

ZB + Zh = 2Tt. A. 5 34 

In like manner each pair of adj. ^ ^ 2 rt. A ; 

.', the Bum of the interior and exterior A '^ 2 rt. A taken 
as many times as the %uTe has sides, 

or, 2nn. A. 

But the interior A = 2 rt. A taken as many times tia the 
figure has sides less two, = 2 tt. A (ii ~ 2), 

or, 2 «. rt. A — i li. A. 

.". the exterior A ^ i rt. A. 
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Exercises. 



1 . Show that the sum of the interior angles of a hexagon is 
equal to eight right angles. 

2. Show that each angle of an equiangular pent^on is J of 
a right angle. 

3. How many sides has an equiangular polygon, four of 
whose angles are together equal to seven right angles 1 

i. How many aides has the polygon the sum of whose in- i 
tenor angles is equal to the sum of its exterior angles 1 ^^ (V™ n 
■ 5. How many aides has the polygon the sum of whose in- 
terior angles is douhle that of its exterior angles 1 L. gjY-4 n 

6. How many sides has the polygon the sura of whose 
exterior angles ia douhle that- of its interior angles^ jit- A/k/, ^ 

7. Every point v&. the bisector of an angle is equally distant 
fix)m the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. 

8. 5 j1 C is a triangle having the angle B double the angle 
i. It BD bisect the angle B, and meet AC in I), show that 
B i> is equal to A D. 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. 

\ 10. ABC D\fi a, parallelogram, E and F the middle points 
of .ii) and -BC respectively; show that 55 and 2) # will 
trisect the diagonal A C. 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is formed whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal BD of a square ABCD, BBU 
out oif equal to BO, and BF he drawn perpendicular to BD, 
show that i> B is equal to £ F, and also to FO. 

13. Show that the three lines drawn from the vertices of a 
triangle. to the middle points of the opposite sides meet in a 
point. 



BOOK II. 

CIRCLES. 



Definitions. 

160. Def. a Circle ia a plane figure bounded by a curved 
line, all the points of which are equally distaut fi;om a point 
within called the Centre. 

161. Def. The Circumference of a circle is the line which 
bounds the circle. 

162. Def. A Radius of a circle is any straight line drawn 
from the centre to the circumference, as A, Fig. 1. 

163. Def. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in the circum- 
ference, 08 A£, Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter ia equal to twice 
the radius. 




ng-2- 



of the cireum- 



164. Def. Au Are of a circle is any portio 
ference, as A MS, Fig. 3. 

165. Def. A Semi-drcum/erf 
lialf the circumference, as A M S, F 

166. Dep. a Chord of a circle it 
its extremities in the circumference, a 

Every chord subtends two i 
ciimference. Thus the chord AB, (Fig. 3), subtenda the i 
A MS and the arc ADS. Whenever a chord and its arc are 
apoken of, the leas arc is meant unless it bo otherwiae stated. 



: is an arc equal to one 
2. 

a any straight line having 
aAB, Fig. 3. 
I whose sum i 
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167. Def. a Segment of a circle is a portion of a. circle 
enclosed by an arc and its chord, as A MB, 1'^. 1. 

168. Def. a Semicircle is a eegment equal to one half the 
circle, oaADG, Fig. 1. 

169. Dbp. a Sector of a circle is a portion of the circle 
enclosed by two radii and the arc which they intercept, s& AC B, 
Fig. 2. 

170. Dep. a Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference is 
called the Point of Contact, or Point of Tangency. 

171. Dep. Two Circumferences are tangent to each other 
when they are tangent to a straight line at the same point. 

172. Dep. A Secant is a straight line which intersects the 
circumference in two points, a& A D, Fig. 3. 




173. Dbp. A straight line is Inscribed in a circle when its 
extremities lie in the circumference of the circle, as AB, Fig. 1. 

An angle is inscribed in a circle when its vertex is in the 
circumference and its sides are chords of that circumference, as 
Z ABC, Fig. 1. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, da £^ ABC, Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not intersect them, 
as in Fig. 4. 

174. Dep. A polygon is Ciretimscribed about a circle when 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a jwlygon when the circumfer- 
ence .passes through all the vertices of the polygon, as in Fig. 1. 
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175. Dep. Equal circles are circles which have equal radlL 
For if one circle be applied to the other ao that their centres 
coincide their circumferences will coincide, since all the poiots 
of both are at the eame distance ftom the centre. 

176. Evay diameter bisectt the drele 
and Ug circum/ermee. For if we fold over 
the s^ment A MB oa A£ aaan axis until 
it comes into the plane of APS, the arc 
AMB will coincide with the arc AP3; 
because every point in each is equally dis- 
tant &oia the centre 0. 



Proposition I. Thborbh. 

177. TAe diameter of a circle is greater than any other 
chord. 

Let A£ be the diameter of the circle 
A MB, &ad A E any other chord. 

We are to prove AB> AE. 

From C, the centre of the O, draw C E. 
CE=CB, 

{being radii of the tame circW). 

But AC+ CE>AE, §96 

{the gam of two sides ofaC\>tke third side). 

Subatitute for G E, in the above inequality, its equal C£. 

Then AC+CB>A £,0T 

AB>AE. 
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pBOFOSmON II. Thbobem. 

178. A straight line cannot intersect ike ciTcwmference 
fa circle in more than two points. 




Let HK be any line cattiae tJte circttmfereace A MP. 

We are to prove that HK can intersect the circumference 
in only two points. 

If it be possible, let R K intersect the circumference in three 
points, H, P, and K. 

From 0, the centre of the O, draw the radii Off, OP, 
and K. 

Then OH, OP, and OXare eqoal, § 163 

(bein^ radii of the same circle). 

.'. if HK could intersect the circumference in three points, 
we should have three equal straight lines Off, OP, and K 
drawn from the same point to a given straight line, which is 



(/mly Ivio equal straiglU lines can be dravmfrom a point to a straight Hm). 

.'. a straight line can intersect the circumference in only 
two points. 

Q. E. O. 



"^ 
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pROPOBinoN IIL Theorem. 



179. In the game circle, or equal circles, equal angle» 

at the centre intercept equal arcs on the circnn^erence. 





In the equal oixolea ABP add A'B'P' let ^0=Z0'. 

We are to prove arc BS'= arc R' 5". 

Apply O ^ ^i" to O A'B'I", 

80 that /L shall coincide with /. &. 

The point R will fall upon R', § 176 

(/or 0S= ffS', bamg radii of egtuit ©X 

and the point S will fall upon S', § 1 76 

lfor08=0'S', being radii of eqaal ®). 

Then the aio RS must coincide with the arc R'S". 
For, othenrise, there wonld be some points in the circumference 
unequally distant from the centre, which ia contiaiy to the 
definition of a ciicle. § 160 



vj by Google 



OKOMBTRT. - 



Proposition TV. Theorem, 

180, C0NVER8ELT: In the same circle, or equal circlei, 
equal arcs subtend equal angles at the centre. 





la the equal circles ABP and A'M'P' let arc BS 
= aro R'S-. 

We are to prove Z SOS = Z Ji" 0' S'. 

Apply Q A B P to O A' ff P, 

BO that the radius It shall fall upon C H". 

Then S, the extremity of arc BS, 

will fall upon S', the extremity of arc B' S", 
(for BS=S'SI, by hyp.). 

.-. S will coincide with 0' S', J 18 

{their KUretniliei being the aame poiiUs). 

.'. Z 5 5 will coincide with, and be equal to, Z BO'S'. 
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181. In the game circle, 
subtended by equal chords. 



Proposition V. Tbborbu. 

equal circles, equal arcs a 




In the eqaai circles ABF and A' 
= arc R'S: 



VI" let arc SS 



We are to prove chard IiS = chord R' 5*. 

Draw the radii OS, OS, 0' M', and 0' S'. 
In the A B S and Jl' 0' S' 

OR=0'IP, 

(being radii of equal <S>), 



Z0 = Z0', 

(eqjuU are) in equal @ subiejid equal A al the centre). 

.-.A BOS^AR'O'S', 
(two sides and the included ZofUieone being equal respsctwely to \ 
and Ike weluded Z. o/the other). 

.-.chord £5 = chord -fi'.?, 
QKing htrm/ilogotu tides qf eqmil & ). 



§176 
§ ISO 



§106 
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Proposition VI. Thborbm. 



182, Conversely : In tie aame circle, or equal circles, 
equal chordi subtend equal arct. 




In the egnai circles ABP and A' B' P', let cbozd RS 
= chord S'S'. 

We are to prove arc R S = arc E' S'. 

Draw the radii OB, OS, 0' R', and 0'^'. 

In the A ^ 5 and R' 0' S' 

RS = R'S', Hyp. 

OR = 0'R', § 176 

(being radii of equal ®), 

OS=0'S'; 5176 

.-.A ROS = AR'0'S', §108 

(ttree aidca of the one beiiig equal to three fides of the other). 

.-. z a - z 0', 

(being hcrmologous A of equal &.). 

.- . B.IC R S = &rc R S', §179 

(tn the same O, or equal ®, equal A ai the centre intercept equal ares on the 
cimumferejux) . 



STKAIGHT UNES AND 
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N VII. Theore 



183, Tie radint perpendiculat 
chord and the arc »ubtended by it. 



1 chord hiiecU the 




Let AB be the chord, and let the ladias OS be per- 
pendicular to AB at the point M. 

Weave to prove AM = BM,and arc AS~arc BS. 

Draw CA and C B. 

CA^OB, 
(Jieing radii of the same 0) ; . 

.■- A .1 C B is isosceles, § 84 

(the opposite aides being eqtml) ; 
-■. J- C6^ bisects the base A B and the Z C, 5 113 
(tA£ X drawn /ram the vertex to the base of an isosceles A bieecis lAe base and 
the £ at the Terttx). 

.■.AM=SM. 

Also, iiai<x>ZACS=ZBGS, 

&-K A S = axe. S B, § 179 

(fqual A at the centre intercept equal arcs on the circv.mferen/x). 

Q. £. D. 

184. CoKOLLABT. The perpendicular erected at the middle 
of a chord passes through the c«ntre of the circle, and bisects 
the arc of the chord. 



Proposition VIII, Thboeu». 

185. In the same circle, or equal circles, equal chords 
are equally distant from the centre; and of two unequal 
chords the less is at the greater distance from the centre. 



In the ciiclB A BEG let the chord A B eqn&l the chord 
OF, and the chord CE he less than the chord C F. 
Let OP, OH, nod OK be Js drawn to these chords 
from the centre 0. 
Wearetoprove OP=Off, and 0H< OK. 

Join OA aud 00. 
Inihtrt. A A OF and COS 
OA = OC, 
(JeifliJ radii of the same 0) ; 

AF=Cff, §183 

(being halves oftqual chorda) ; 

.•.AAOF = A COH, §109 

\itco ri. & are equal if they have a side and hypotenv^ of the one e^tal tv 
a side and hypotenuse of the other). 

.•.OP = OH, 

(being hirmologovs sides of equal k>). 

Again, since C E<C F, 

Vha A-OE will intersect C F in some point, as m. 

Kow OK>Om. ' Ax. 8 

But Om>pH, §52 

(fi i-isOu shorted distance from a point to a straight Jin<). 

.-.much more is 0K> Off. ^ 



STRAIGHT UNBS UTD CIBCLES. 



pBOFOSmON IS. Thborbm. 

186, A straight line perpendicular to a radiua at it» 
extremity is a tangent to the eircle. 




Let BA be the radius, and MO the stmigJit line 
peipeudicnlar to BA &t A. 

We are to prove M tangent to the cirde. 

From B draw any other line to Af 0, aa B C ff. 



BR> B 
(ft X mtasuret Oit ^tortett distance fr 



§ 52 



a point to a Araight line). 

■ ". point His without the circumference. 

But BHis any other line than B A, 

.'. eiwry point of the line ^0 is without the circumference, 
except A. 

.'.MO is a tangent to the circle at A. § 171 

Q, E. D. 

187. CoBOLLABY. When a straight line is tangent to a 
circle, it ia perpendicular tp the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the eircle. 
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Proposition X. Theorem. 



188. When two circumferences intersect each other, the 
line which joitis their centra is perpendic%lar to their commoti 
chord at its middle point. 




Let C and C be the centres ot two clTcnmferances 
which intersect at A and B. Let AB be their 
commoa chord, and OC Join their centres. 

We are to prove CC ±to AB atiU middle point. 
A X drawn through the middle of the chord A B passes 
through the centres C and 0', ' § 184 

(a ± ereOsd at the midiSe of a ehordpasaei thnrugh Ihe centre of tie O). 
.'. the line C C, having two points in conmton with this X, 
must coincide with it 

.-. C C is X to ^ 5 at its middle point. 



Ex, I. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
■when produced, paaaes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. 



STRAIGHT LINES AND 



IlIRO^, 



Pbotosition XI. Theomk; ., ■■.—-■ 

189. W^hen two eircumferencea are tangentToSStT'o Iker 
tlieir point of contact is in tie gtraight line joining Iheir 
i-fiDtTef. ■ 




Let the two circnialeieaces, whose centres are and 
C, touch each other at 0, in the straight line A B, 
aadlet GC be the straight line Joining ibeir cen- 
tres. 

We are lo prove is in the straight line G C". 

A X to ^ 5, drawa through the point 0, passes through the 
centres C and C", §187 

(d -L fa a tanged at tkepoini of coiUitct passes through ihs centre of &t Q). 

.'. the line G G, having two points in common with this J., 
must eoiucide with it. 

.'. ia in the straight Kne, G C'. 



Ex. AB, a. chord of a circle, is the base of i 
triangle whose vertex G is without the circle, and whose equal 
sides meet the circle in D and E. Show that G D i& equal 
toCJ5. .. ,■■ ■ , 



?t^ 
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On Measureuent. 



190. Dbp, To meamre a quantity of any kind is to find 
how Toojiy timet it contains another known quantity of the aatne 
Idiid. Thus, to measure a line is to find how many times it con- 
tains another known line, called the liiiear unit. 

191. Dbf, The number which expresses how many times 
a, quantity contains the unit, prefixed to the name of the unit, 
is called the tmmeru^l meaeure of that quantity ; as 5 yards, etc. 

192. Def. Two quantities aie commeaswrahU if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the common measure of theise quantities, and each of the given 
quantities is called a mnUiple of this common measure. 

193. Def. Two quantities are incommeamirable if they 



194. Def. The magnitude of a quantity is always rtltUive 
to the magnitude of another quantity of the satTU kind. No 
quantity is great or small except by comparison. This relative 
magnitude is called their Ratio, and this ratio is always an ab- 
stract number. 

When two quantities of the same kind are measured by the 
sam^ unit, theii ratio is the ratio of their immerical meamre». 

195. The ratio of a to 6 is written y, or a ; h, and by this 
is meant ; 

How many times 6 is contained in a; a 

or, what part a is of 6. 6 

I. If b be contained an exact number of times in a their 
ratio is a whole number. 

If b be not contained an exact number of times in a, but 
if there be a common measure which is contained m times in a 

and tt times in h, their ratio is the/rociwrn — . 

II. If a and h be incommensurable, their ratio cannot be 
exactly expressed in figures. But if b be divided into n equal 
parts, and one of these parts be contained m times in a with 

a remainder less than - part of 6, then ■ — ■ is an approximate 
value of the ratio t , correct within - . 
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Again, if each of these equal parts of 6 be divided into n 
equal parts ; that is, if 6 be divided into n' equal parts, and if 
one of these parte be contained m' times in a with a temaisder 
less than — j part of 6, then — ^ is a nearer approximate value 

of the ratio - , correct within —^ . 

By continuing this process, a series of variable values, 
— , — J , — j , etc., will be obtained, which will differ less and 
less from the exact value of j . We may thus find a fraction 
which shall differ from this exact value by as little aa we please, 
that is, by less than any assigned quantity. 

Hence, an incommenMrabU ratio is the limit toward which 
its successive approximate values are constantly tending. 

Oh the Thboki op Limits. 

196. Dep. When a quantity is regarded as having n. fixed 
value, it is called a ComtaM ; but, when it is regarded, under 
the conditions imposed upon it, as having an indefinite number 
of d^ermt values, it is called a Variable. 

197. Dbf. Wheu it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be made to differ from a given con- 
stant by less than any assigned quantity, however small, but 
cannot be made absolutely equal to the constant, that constant 
is called tlie Limit of the variable, and the variable is said to 
approach indefiniteli/ to its limit. 

If the variable be increasing, its limit is called a superior 
limit ; if decreasii^, an inferior limit. 

198. Suppose a point ^ ^ f *" ^ 

to move from A toward B, under the conditions that the first sec- 
ond it shall move one-half the distance from A \^ B, that is, 
to M; the next second, one-half the remaining distance, that is, 
to W ; the next second, one-half the remaining distance, that 
is, to M'\ and so on indefinitely. 

Then it is evident that the moving point may approach as 
near to B om we please, but will never arrive of B. For, however 
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near it may be to £ at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to B, aince half the interval still remaining is 
tome distance, but will not reach B, since half the interval atiU 
remaining is not the whole distance. 

Hence, the distance from A to the movii^ point is an in- 
creasing variable, which indefinitely approaches the constant A B 
as its limit ; and the distance from the moving point to £ is a 
decreasing variable, which indefinitely approaches the constant 
zero as its limit. 

If the length of 4 -8 be two inches, and the variable be 
denoted by x, and the difference between the variable and its 
limit, by v : 



after one second, x 


= 1, 






V 


= 1 : 


after two seconds, x 


= 1-1- 


h. 




V 


= +; 


after three seconds, x 


= 1 + 


* + 


h 


V 


= J; 


after four seconds, x 


= 1-1- 


* + 


i + 


h " 


=i; 


and so on indefinitely. 












ow the sum of the series 


14- 


+ 


t + 


■etc. 


is e 



leas than 2 ; but by taking a great number of terms, the sum 
can he made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the variable 
difierence between this variable sum and 2. 

lim. will be used as an abbreviation for limit. 

199. [1] The difference between a variable and its limit m a 
variable whose limit ie zero. 

[2] If two or more variables, v, v", v", etc., have 2#ro /or a 
limit, their sum, v + v'+ v", etc., mil have zero for a limit. 

[3] If Ike limit of a variable, v, be zero, the limit of a±v 
will be the constant a, and the limit ofaXv vnU be zero. 

[4] The product of a congtant and a variable is also a va- 
riable, and the limit of the product of a constant and a variable 
is the prodttct of tite constant and the limit of the variable. 

[5] The sum or product of two variables, both of which are 
either irtcreasing or decreatinff, is also a variable. 
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PROPOSITIOB I. 

[6] If two variahla bt alwayi equal, iheir lintitt are tqital. 

Let the two variables A M and 
A N be always equal, and let A C 
and AB be their respective limits. 

Wearetopn/ve A C = A B. 

Suppose AOAB. Then we may 
diminbfa AC to some value A C sucb 
tliat AC' = AB. i 

Since A M approaches indefinitely to C*- 
A C, we may suppose that it haa reached 
a value A P greater thau A C. 

Let j1 Q be the corresponding value of A N. 

Then AP = AQ. 

Now AC' = AB. 

But both of these equations caunot be true, ioi A P> A O, 
and A Q<AB. .\A0 cannot be greater thau A B. 

Again, suppose AC<AB. Then we may diminish ^ if to 
some value A If such that AC = AB'. 

Since A JT approaches indefinitely io A B we may suppose 
that it has reached a, value A Q greater than A B'. 

Let j1 /* be the corresponding value of A M. 

Then AP=Aq. 

Now AC= AB'. 

But both of these equations cannot be true, iox AP< AC, 
and A(i>AB'. .-.AC cannot be less than A B. 

Since A C cannot be greater or less than A B, it must be 
equal toAB. «■ e- d- 

[7] CoBOLLABi 1. I/tvTo mriabUa be in a constant ratio, 
tkeir limiti are in the tame ratio. For, let x and y be two variables 

having the constant ratio r, then - = r, or, ;c = /■ y, therefore 

y 

lim. (x) = lim. (r y) = r'K Hm. (y), therefore " ; = r. 
lim. {!/) 

[8] Cob. 2. Siuce an incommensumble ratio is the limit of 

Its successive approximate values, (wo iiicorameneurable ratios j 

iiTid — are equal if llif;/ always have the same approximate values 

when, expre»sed witltia tlie same measure of precisuin. 
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Proposition II. 

[9] The limit of the algebraic sttm of tun or more variables ' 
it the Mgehraic sum of their limits. 

Let X, y, z, be vB.ri&bles, a, h, and c, " ; +— 

their respective limits, and v, v', and i/', \ 

the variable differences bet-ween x, y, «, b -—+^ I 

and a, b, c, respectively. 

We are to prove Urn. (x+ y +«) = «+ 6+ c. c — h^ 

Now, x=a — v, y=h — i/, z = e — '&'. 
Then, x + yVz = a — v+b — v'-\-c — v". 

.-. lim.{x+s+!)=lim.{a—v-\-b-v'+c-vf'). . [6] ; 

But, lim.{a—v+b~t/ + c~'v") = a + b + c. [3] I 

.■.lim.{x + y + i)'=a + b + c 

Q. E. D. 

Proposition III, 

[10] The limit of the product of fu/o or Tuore variables is the 
product of their limits. 

Let X, y, t, be variables, a, b, c, their respective 
limits, and v, i/, v", the variable differences between | 
«, y, z, and a, b, c, respectively. 

We are to prove Urn. (x y z)=^abc. 

Kow, x = a — V, y=^b — v', z^c — v". 

Multiply these equations together. 

Then, xyz'^ab c'^ terms which contain one or more of 
the factors v, v', if', and hence have zero for a limit. [3] 

.'. ;m.(a;y2) = ^m. (ate ^ terms whose limits are zero). [6] ' 

But lim. {fl.bc'^ terms whose limits are zero) = a 6 c. 
.'.lim. {xyz)^abc. 



Note. — In the application of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
tratk of limits contained in Proposition I. ; and it will be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 



MEABUREMBNT OF ANGLES. 



PBopoaiTiON XII, Thbobbm, 



200, /» the game circle, or equal circles, tioo commen- 
surable arcs have the same ratio as the angles whiek theif 
subtend at the centre. 




In the circle A PC let the two arcs be AB and A C, 
■ and AOS and AOC the A which they subtend. 

nr , are ^5 /. AOB 

We are to prove = ■ 

^ S.KAC ZAOO 

Let HK be a. common measure o£ A B and A C. 
Suppose S K to be contained in A B three times, • 
and in ,i C five times. 

arc ^ B 3 
Then TTi = r ' 

arc -1 C 5 

At the several points of division on ^ if and A C draw radii. 
These radii will divide Z AOC into five equal parts, of 
which Z AOB will contain three, § 180 

(lit tiie MJtu O, ar eqaal ®, equal ares 6vh(end eqvjtl A at the centre). 

Z AOn _ 3 
'"' ZAOC'^ t>' 
arc ^ 5 3 

^°* ^^TTC-^V 

e.-K.AB _Z AOn . , 

''' OK AC~ Z AOC' 
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Pbofosition XIII. Tbeoreu. 



201. In the same circle, oT in e^ual circles, incom- 
mensurable arcs have the same ratio as the angles which 
they saitend at the centre. 





In the two egaal ® ASP and A'B'J" let AB and A' ff 
be two incommeasttmble arcs. andC, C thedvblch 
thej subtend at the centre. 

We are to prove ^fSJL?! = ^l^. 
'^ arc Ah AC 

Let ^ £ be divided into any number of equal parts, and 
let one of these parts be applied to ^'^ aa often as it will be 
contained in A'&. 

Since A B and A' B^ are incommensurable, a certain num- 
ber of these parts will extend from A' to some point; as D, 
leaving a remainder D B' less than one of these parts. 
Draw C" D. 
Since A B and A'D are commensurable, 

B.ViJ.'J) A A'_C'D , 200 

oca A B "^ Z AC B' 
(fux commensurt^U arcs have Ihe same ratio 03 the A whick they ttMtnd at 
the centre). 
Now suppose the number of parts into which A B \a divided 
to be continually increased ; then the length of each part will 
become less and less, and the point D will approach nearer and 
nearer to B', that is, the arc A' D will approach the arc A' & 06 
ita limit, and the Z A' CD the Z X' (T'.B' as its limit. 
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Then the limit of - 
and the limit o 

Moreover, the corresponding values of the two variaUes, 
namely, 

axcA'D , , , ^ A'C D 




202. ScHOLiUH. An angle at the centre it mid to he mecu- 
ured by its inlereepfed arc. Thia expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four i^ht angles) as its intercepted arc ia of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc ia called a degree, denoted by the symbol (°). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a d^ree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90° ; and a right angle, subtended by a quadrant, con- 
tains 90°. 

Hence an angle of 30° is J of a right angle, an angle of 45° 
ia J of a right angle, an angle of 135° is | of a right angle. 

Thus we get a definite idea of an angle if we know the 
number of degrees it contains. 

A degree ia subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
onds, denoted by the symbol ("). 
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Proposition XIV. Theorem. 



half of the 




Fig. 1. ■ Pie a FI^ a 

Case L 
Xn the circle P AB (Fig. A ^st the centre C be in one 
of the sides of the iasciibed a,ngle B. 

We are to prove Z. B is Tfieasured hy ^ arc PA. 
Draw CA. 
CA =CB, 
{beiitg radii of Pie tame O). 

.•./.B = ZA, §112 

(ieinif npposUe equal sides). 
ZPCA = ZB + ZA. §105 

(the erieHor ^ of a A is eq\ial la the sum, of the Itao cppoaHe inUrior d). 

Substitute in the above equality ^ B for Its equal ^ A. 
Then we have ZPOA'^iZB. 

But Z PC A is measured hj A P, § 202 

(fht ^ at Ike cetitre is measured by /he imteree^Ud ore). 
.'. 2 Z £ is measured by A P. 
.'. Z. B w measured hy ^ A P. 
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Case IL 
In the circle SA B {Fig. 2), let the centre C tall 
within the aagle EBA. 

We are to prone Z EBA it meatured iji ^ arc SA. 

Draw the diameter BCP. 

Z PBA is measured by J arc PA, {Case I.) 

Z PBEia measured by i are P E, (Case I.) 

.-.Z PBA + Z PBEia measured by J (arc P J + arci'^. 

.'. Z EBA is measured by J arc E A. 

Case III. 
In the circle BFP {Fig. 3), let the centre C t&U with- 
out the angle A BF. 

We are to prove Z. A B F it meatured by J arc A F, 

Draw the diameter B O^P. 

Z PBFia measured by J arc P F, (Case I.) 

Z PBA is measured by J are PA, (Case I.) 

-■- Z PBF—Z PBA ia measured by J (arc PF--a.K PA). 

.'. Z ABFis measured by 4 are J F. 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a right angle, for it ia measured by one-half a semi-circumfer- 
ence, or by 90°. 

205. Cor. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-half a semi-circumference ; i. e. by an arc less than 90". 

206. Cor, 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it ia measured by an arc gi'eater 
than one-half a semi-circumference ; i. e. by an arc greater 
than 90°. 

207. Cor. i. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same are.- ■■ ^s'^ , 



PaoPosmoN XV, Theorem. 

208. An angle formed by two chorda, and v>ho»e veriea 

lies between the centre and the circumference, is measured by 

e-half the intercepted arc phu one-half the arc intercepted 



by it« aides produced. 




Let the Z AOC be foimed by the chords A B and CD. 

We are to prove 

Z AOC is measured 6y J arc J C + J areBD. 

Draw A J). 

Z COA=ZD + ZA, 5105 

{Iht edvrkir /. of a t. is equal lo tkc mm ofthetvx apponUinUrivr A). 

But Z D\s measured by ^ are i C, $ 203 

((TO iiacribed L is measured by \ the inltrcepted arc) ; 

and Z J is measured ly J arc 5 7>, 5 203 

.-.Z COA is measured by J arc J C + JareJi). 



Ex. Show that the least chord that can be diawn through 
a given point in a ciicle is perpendicular to the diameter drawn 
through the point. 
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209. An anffle formed hy a tangent and a chord i 
meatured hy one-half the intercepted arc. 




Let HAM be the angle fozmad by the tangent OM 
and choid AH. 

We are to prwe 

^ HA M U meamred hy \ are A EH. 

Draw the diameter AC F. 

ZFAMJs&Tt.Z, §186 

(Ike Tadias dravm to a tangent at the point of contOjd is ± toil). 

Z. FA M, being a rt. ^, is measured by \ the Bemi-circura- 
fereucB A EF. 

/L FAHia measured by ^ arc FH, 5 203 

{an ijucribed /. is m^asarfd hy\Oi^ inlereepled are) ; 

.-.ZFAAf-Z /"J ff is measured by J {arc AEF-^k HF). ■ 
.-.Z HA Mia measured by ^axcAEH. 

Q. E. o. 



vjivCoOi^lc 
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Peoposition XVII. Xhborbh. 

210. An angle formed by two seeanis, tioo tangentt, or 
a tangent and a »ecant, and wHck Aas its vertex icitkout the 
circvntference, is measured by one-half the concave arc, minui 
one-half the convex arc. 




Ffg. i. 
Case I. 
Let the angle (Fig.l) be fanned by the two secants 
OA and OB. 
We are to prove . 

A it measured iy J arc ^1 fi — J arc EC. 
Draw CB. 

ZACB = ZO + ZB, 5 105 

{IfietxUrioriio/aAiteqjialtotlummo/theCiDOcpposUeinUriorAi. 

By transposing, 

ZO = ZACB-'ZB, 



:«;). 



Z 3 is meaaured by J a 
. Z-0 IB meaaured by J arc A j 



■,CE, 
-Ja« 
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Case II. 
Let the angle (.Fig. 2) he tozmed by the t-wo tan- 
gents OA aad OB. 

We are to prime 

Z is measured ht/ \ aif. A MB — ^ are J SB. 
Draw A B. 
ZABC = ZO + ZOAB, §105 

(tlu exterior Z,of adw equal to the mm of the two oppotite ulterior A). 

By transposing, 

ZO^ZABC-ZOAB. 
But ZABCia meaaured by ^ arc j1 MB, § 209 

(on Z formed hy a tangent avd a chord is TMOsured bg i the iniercepled are), 
and Z OdJ is meaaured by J aro A SB. § 209 

.-. Z is measured hy ^ lac A MS - ^ &k A SB. 

Case III. 
Let the angle (Fig, 3) be toimed by the tangent 
OB and the secant OA. 

We are to prove 

ZO is measured 6yJarc-4/)S'— Jarc CES. 
Draw OS. 

ZACS=ZO + Z CSO, § 105 

{the ateriar Z o/a A is eguai to the sum oftht two opporUe interior A). 

By transposing, 

Z = ZACS~ZCSO. 

But Z AGS\& measured by J arc ^ i> 5, % 203 

(fteinj an inscnSxA £). 

and Z CSO is measured by i arc C-ff 5, 5 209 

ifKing an, /.formed by a tangent mid a chord). 

.-.Z Oiameaeuredby l-arc JZ)S— Jarcfi'^^. 
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sopplementary propositions. 
Proposition XVUI. Theobeh. 

211. Ttoo parallel lines intercept upon the circum- 
ference equal arct. 




Let the two parallel lines CA ajtd S F {Fig. t), iatep 
cept the arcs OS and A F. 

We are to prove arc C B = arc A F. 



ZA=ZS, 

(bdng alt.-iTit. A). 

But the arc CB is double the 
and the arc A F is douhle the 

.■.aTcCB = aKAF. 



ofZA. 
otZ B. 



Ax. C- 

Q. E. D. 

212. ScHOLiuH. Since two parallel lines intercept on thfl 
circumference equal area, the two parallel tangents J^2f and 
P (Fig. 2) divide the circumference in two aemi-circumferences 
AC B and AQB, and the line A B joining the points of contact 
of the two tangents is a diameter of the circle. 
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Propobixion XIX. Thbobem. .. , _ 

213. If the sum of two arci be'Teif than a circuit' 
ference t/ie greater arc ia subtended by the greater chord; 
and conversely, the greater chord subf^ndg the greater arc. 




In the circle A CP let the two arcs A B and S C to- 
gether be less than the circumleieace, and let 
AB he the greater. 

We are to prove chord A B> chord B C. 

Draw A C. 
Ill the A J £ C 

Z C, measured by \ the greater aia AB, § 203 
is greater then /. A, measured by ^ the less arc BC. 

.-. the side AB > the side B C, 5 117 

{in aAtlu: greater Z has the greater side oppotUe to U). 
CoNVERSELr : If the choiJ ABU greater than the 
chord BC. 

We are to prove areAB>areBC. 

In the A ^ 5 C, „ 

AB>BC, Hyp. 

.-.ZOA, §1^8 

{in a A the greater Hde has the greater L ffppoiide to it). 
.-. arc A B. double the measure of the greater ZC,is greater 
than the ate BC, double the measure of tlie 'ei« Z -i.^ ^ ^_^_ 
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ftioposiTiON XX. Theobeu. 



;--, : .^H::'^ ii^ «&»''»/ two arcs he greater than a circam- 
ference, the greater arc m subtended by the less chord; and, 
converseli/, the less chord subtends the greater arc. 



In the circle BGE let the arcs AEGB ana BA EC 
together be greater than the circamterence, and 
Jet arc AEC B be greater than arc BAEC. 

We are to prove chord AB < c/wrd B C. 

From the given arcs take tlie common arc AEC; 

we have left two area, CB and A B, less than a circumference, 

of which C B is the greater. 

.'. chord C B> chord A B, § 213 

{when, the mm of in 

.-. the chord -4 5, which suhtends the greater arc j1 £(7 B, 

is leas tlian the chord B C, which snhtends the less arc BAEC. 

CoNVEHSELY : If the chord A B h^ less than chord £ C. 

iVe are to prove arc A EC B > arc B A EC. 

Arc A R + nrc AEC B = the circumference. 

Arc BO + arc £A EC= the circumference. 



+ arc^.E'Cfi = arc£(7+ ar 


a. BAEC. 


arc^£<arcfiC, 


§213 


■.aKAEOB>a.TcBAEC. 


«.E.,. 
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On Conctrcctionb. 

Proposition XXI. Problem. 

215. To find a point in a plane, having given il» dia- 
'.a;tces from two known points. 



Let A and B be the two known points; n the dis- 
tance oi the renuired point tram A, o its distance 
from B. 

It is required to find a -point at the given ditlances from A 
andB. 

From ^ as a centre, with a radius equal to n, describe an arc. 

From £ as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at 0. 

C is the required point. 



216. Corollary 1. By continuing these arcs, another point 
below the pointa A and B will be found, which will fulfil the 
conditions. 

217- Cor. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from A to £ equal n 
From A as & centre, with a 

niJius equal to n, describe an arc ; A- 
and from j5 as a centre, with 

a radius equal to o, describe au 



These arcs will touch each 

other at C, and will not intersect. 

.'. C is the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from X to .2 be greater than n + o. 
Then from A ^ a centre, 
j^with a radius equal to n, de- A- 
scribe an arc ; 

andfrom.Sasacentre,witha 
radius equal to o, describe an arc. 
These arcs willneithertoucli 
nor intersect each other ; 

bence they can have no point ii 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the difference of the 
distances of the required point iiom the two given points. 

Let the distance from ji to 5 be less than n — o. 

From j1 as a centre, with a radius ^-^ "^-^^ 
equal to n, describe a circle ; / . ^\ 

and from 5 as a centre, with a / / ^^ v 

radius equal to o, describe a cirele. ,' ' ., „ | I 

The circle described from £ as a \ \ I i 

centre will fall wholly within the cirele ^ \ y / 

described from A as a centre; o 'V " / 

hfince they can have no point in " "^^ --'' 

common. 



CONSTKUCTIOH S. 

Proposition XXII. Fboblbh. 
Z20. To bUect a given, straight line. 



Let AB be the given sti&lgbt line. 

If is required to Hied the tine A B. 

From A and B aa centres, with equal radii, describe arcs 
intersecting at G and E. 

Join OE. 
Then the line C E biaeote A B. 
For, Candf, being two points at equal distances from the 
extreinitiea A and B, determine the position of a ± to the mid- 
dle point oiAB. § 60 

«.E.F. 

Proposition XXIII. PaoBLBM. 



231. At a given point ; 
perpendicular to that line. 



a straight line, to erect < 



/'N 



H 







Let be the given point in the straight line A B. 

It is required to erect « _L (o the line A B at the point O. 

Tak^OH=OB. 
From B and H aa centres, with equal radii, describe two 
arcs intersecting at R. 

Then the line joining RO\s the L requked. 
For, and R are two points at equal distances from B and ff, and 
■ ,*. determine the position of a J. to the lino H B at its 
middle point 0. ■'I'^O 
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PBOPoamoN XXrV. Problem. 

222. From a point icithoui a ttraiffht line, to letJaU a 

perpendicular upon that line. 



X 



Let AB be a given stzalght liae, and C a given point 
without the line. 

It i» required to let fall a A- to the line A B from the point C. 

From C as a centre, with a radius sufficiently great, 

describe an arc cutting A Bat the points H and K. 

"StOBi H and K as centres, with equal radii, 

describe two arcs intersecting at 0, 

Draw C 0, 

and produce it to meet AB a.t m. 

Gin\9 the _L required. 

For, C and 0, being two points at equal distances from H 
and K, determine the position of a J. to the line H K albiia 
middle point. § 60 

«. E. F. 

U5.t.z..JbvC,00'^IC 
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Peoposition XXV, Pboblbh. 

223, To consiruct an arc equal to a given arc vjhoie 
centre U a given point. 



Let C be the ceatre ot the given arc A B. 

It it rehired to construct an arc equal to are A B. 

Draw CB, CA, aoAAB. 

From C" 83 » centre, with a radius equal to CB, 

describe au iudefinite arc B' F. 

'Svyoi B! a&& centre, with a radius equal to chord A B, 

deecribe an arc intersecting the indefinite are at A'. 

Then ok A' B' = aic A £. 

For, draw chord A' B", 



The © are equal, 

{being dtscrihed with equal radii), 

chord A'B' = chord A B ; 

.-.arc J'ff = aTC J5, 
(in equal ® equal ckorde subtend equal arct). 



Cons. 
5 182 



,CcK,gle 



Fboposition XXVI. Pboblkbl 

224. At a given point in a given atraiffht line i 

itruct an angle equal t-o a given angle. 



Let C be the given point in the gives line C !¥, and 
C the given angle. 

It is rehired to conttmct an Z at C equal to the Z C, 

From (7 as a centre, with any radius as CB, 

describe the arc A B, terminating in the sides of the Z. 

Draw chord A B. 

From C as& centre, with a radius equal to CB, 

describe the indefinite arc B' F. 

From f aa a centre, with a radius equal in AB, 

describe an arc intersecting the indefinite arc at A'. 

Draw A' C. 

Then AO'^LC. 

For, join ^'5'. 

The © to which belong arcs A B and A' Bf ase, equal, 

(peing dacribed wiih iqttal radii). 

and chord A' S = chord A B ; Cons. 

.-.arc J' ff^ arc J 5, §182 

(in tqual ® egual chorda tubtend equal are>), 

.•/C'-ZC, 5180 

'tn equal ® c^uoZ arts gublend equal ^ eUthe ^tlfTf)^.,^ 

^. E. F- 
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Proposition XXYIL Problbx. 
225. To bisect a given arc. 



>:.<■• 



Let A OB be the givea are. 

It it required to bisect the are A OB. 

Draw the chord A B, 

From A and B aa centrea, with equal ladii, 

describe area intersecting at E and C. 

Drew J? C. 

£<? bisects the arc .4 OB. 

For, E and C, being two points at equal distances from 
A and B, determine the position of the J. erected at the middle 
of chord AB; 5 60 

and a X erected at the middle of a chord passes through 
tbe centre of the O, and bisects the arc of the chord. § 184 



divCoO'^lc 
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FnoPoaiTiON XXVIII. Psobleil 
226. To bisect a ^iven angle. 




Let A E B be the given aagle. 
It u required to bisect ^ A E B. 

From £ as a centre, with any radius, as E A, 

describe the ajc AOB, terminating in the sidea of the Z. 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe two arcs intersecting at 0. 

Join EC. 

E C bisects the Z E. 

For, E and 0, being two points at equal distances from A and 

, determine the position of the J- erected at the middle of 



And the J. erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 



'. are X O = arc J 



.-.ZAE 

(in the same circle equal ai 
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Proposition XXIX. Problem. 

227. Through a ffwen point to draw a ttraigki line 
parallel to a given ttraight line. 



Let AB be the given line, and S the given point. 

It M repaired to draw through the point H a line 'i to the 
line A B. 

Draw HA, making the /. HA B. 

At the point H construct /.AHE = /.HAB. 

Then the line HE\s II ioAB. 

Por, Z EHA=Z HAB; Cons. 

.-.HE'^WioAB, 569 

(,%oktii, tiBO straight Una, lyiitg in, the same plant, art etU hy a third straight 
Hue, if the alt,-inl. A be equal, Ike lines are paraUtl). 



Ex. I. Find the locua of the centre of a circumference which 

passes through two given points. 

2. Find the locus of the centre of the circumference of a 
given radins, tangent externally or internally to a given cir- 
cumference. 

3, A straight line is drawn through a given point A, inter- 
secting a given circumference at B and C. Find the locus of 
the middle point P of the intercepted chord B C. 
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third. 



Pboposition XXX. Problem. 
8. Tko angles of a triangle being given to find the 



Let A oad B be two given angles ot s tiiangle. 

It it required lojind the third /. of the A, 

Take any straight line, as M F, and at any point, as H. 

construct Z RH F equal to Z £, 

and Z SHE equal to ^ ^. 

Then Z RHSh^eZ required. 

For, the sum of the three ^ of a A = 2 rt. ^, § 98 

and the sum of the three A about the point H, on the same 
side oi EF=2ie\.. A. § 34 

Two A of the A being equal to two A about the 

point H, Cons. 

the third Z of the A must be equal to the third Z about 
the point U. 



vjivCoO'^lc 



CONaTEUCTIONS. 



PhOFOBITION XXXI, PitOBLEH. 

229. Tioo aides and ike included angle of a triangle 
being given, to congtmct the triangle. 



.--A^ 



Let the two sides of the tri&ngle be £ and F, and 
the iacladed angle A. 

It i» required to comtract a A having two iide$ equal to E 
and F re^ectively, and their inelvded A'= A A, 

Take HK equal to the side F. 

At the point H draw the line H M, 

making the Z KHM = A A. 

On HM take HC equal to E. 

Draw C K. 

Then A C if ff is the A required. 
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FROPoeiTioN XXXII. Froblbh. 

230. A tide and two adjacent anglei of a triangle being 
given, to coiuiruct tie triangle. 



Let OE be the given side, A and B the given angles. 

h it required to eonztruct a A having a side equal to C E, 
and tuM A adjacent to that tide equal to A A and B rtepectivelg. 

At point G eonetruct an Z. equal to Z ^. 

At point B construct an Z equal to Z £. 

Prodace the sides until they meet at 0. 

Then A C £ is tlie A required. 

o.e.f. 

231. ScHouim. The problem is impossible when the two 
given angles are ti^ether equal to, or greater than, two right 
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Pbofosition XXXIIL Pbobi-km. 

232. Tke three tides of a triangle being given, to co»- 
atruct the triangle. 




Let the tliree sides he m, n, and o. 

It ii required to cotutrud a A having three tides re^edivdy, 
equal to ffi, n, and o. 

Draw A B equal to ». 

Prom X as a centre, with a ladius equal to o, 

deacribe an arc ; 

and from jff as a centre, with a radius equal to m, 

describe an arc intersecting the former arc at O. 

Draw C^ and<?A 

Then A <? ^ 5 ib the A required. 

Q, e. F. 

233. ScHOLitTM. The problem is impossible when one side 
is equal to <ff greaier than the turn of the other two. 
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Proposition XXXIV, Problbic 

234. The hypotenuie and one aide of a right triangle 
being given, to construct the triangle. 




Let m be the givaa side, suid o the hypotenuse. 

It it required to comtruct a rt. ^ having ike kypotenute 
egnai o and one side equal m. 

Take A B equal to m. 

At A erect &A., AX, 

From £ as a centre, vith a radius equal to o, 

describe an arc cutting AX aiC. 

Draw CB. 

Then A C X £ is the A required. 
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PE0P081TI0N XXXV. FbOBI^H. 

235. Tie base, the aUiiude, and an angle at the bate, 
of a triangle being given, to construct ike triangle. 



Let q equal the base, m the altittfde, and C the angle 
at the base. 

It it required to cojutruct a A having tlu bate eqval to o, 
the allitude equal to m, and an A at the base equal to C. 

Take A B equal to o. 

At the point A, draw the indefinite line A R, 

making the Z. £ A li = Z O. 

At the point A, erect e,^- AX equal to m. 

From X draw XS II to ^ JT, 

and meeting the line A R at S. 

Draw SB. 

Then A ^ 55 ia the A required. 

«. E- F. 
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Proposition XXXVI. Problem. 
236. Two sides of a triangle and the angle ogpoiite one 
of ihem being given, to construct the triangle. 



When Oie given ixagU it acute, caid the side oppomU te 
Ike other given fide. 



// 

,x:/ 



4-^- 



Z.e£ c ha the longer aad a the shorter givea side, sod 

Z A the given angle. 

It M required to construct a A having tura tidet equal to a 
and c resptetivelD, and the Z. i^ipoeite a eqttal to given Z A. 

Construct Z DAE eqaal to the given Z A. 
On AD take AB = c. 
From jff as a centre, with a radius equal to a, 

describe an arc intersecting the side AH oiG' and 0". 
Draw BC a.nd B C". 

Then hoth tbe A A BC and AB C" fulfil the conditions, 
and hence we have two constructions. 

When the given side o is exactly equal to the J. £ C, there 
will he hut one construction, namely, the right triangle ABC. 

When the given side a is less than B G, the arc described 
from B will not intersect A E, and henee the problem is iro- 
possihle. ^. 
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When tlu given angle i* acute, right, o 
oUis greater than the other given tide. 



tMu»e, and the tide appetite 




men the g 

Construct the Z iU J? (Fig. 1) equal to the given Z 51 

Take A B equal to a. 

From ^ as a centre, vith a radius equal to c, 

describe an arc cutting EA at C, and EA produced at C". 

JoinJCandBC. 

Then the ii ABC ia the A required, and theie is only one 
construction j for the A A BC will not contain the given Z S. 

When the given angle ia aeale, aean^eBA C 
There is only one constniction, namely, the ABAC (Fig. I). 

When the given ^iaa righi angle. 

There are two constnictions, the equal ^ BAC and BAC 
(Fig- 2). a. ,. p. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. ^■"~'l'>5'-117 
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PBOPoaiTioN XXXVIT. Problem. 

237. Tv>o »ides and an included angle of a parallelo- 
gram being given, to construct the parallelogram. 



Let m and o he the two sides, and C the included 
angle. 

It M required to construct a O having tvn adjacent »idf» 

equal to m and o respectivelg, and their included A eqiud to ^ C. 

Draw A B equal to o. 

Ftom A draw the indefinite line A R, 

matcing the Z A equal to Z C. 

Oa AR take A H equal to m. 

From H aa B. centre, with a radius equal to o, describe 

From B aaa, centre, with a radius equal to m, 
describe an arc, intersecting the former arc at E. 
Drawls' and B B. 
Thequadrilateralji 5^ if is the O required. 
For, AB~HE, Cons. 

AH = BE, Cods. 

.-. the figure J 5 ^if is a O, 5 136 

(a qaadriloierai, which has its opposite rides eqiuU, u a O). 
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Proposition XXXVIII, Problem. 
238. To describe a circumference througk three points 
in the same straight line. 



^ 



Let the three points bo A, B, and C. 

It w required to describe a circumference tkriyagli the three 
points A, B, and G. 

Draw AB^xAB C. 

Bisect AB xaABC. 
At the points of bisection, E and F, erect ^ intersect- 
ing at 0. 

From aa a centre, with a radius equal to A, describe a 

O ^ 5 C is the O required. 

For, the point 0, being in the J. £' erected at the middle 
of the line A B, ia at equal distances from A and B ; 

and also, being in the J. /■ erected at the middle of the 
line C B, ia at equal distances from B and G, § 58 

{every point in the X erecied at Ike middte of a straight liiu ia at equal 
distances from, the extTentities oftluit line). 

.'. the point is at equal distances from A, B, and C, 
and ft O described from as a centre, with a radius equal 
to OA, will pass through the points A, B, and C. 

«. E. F, 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through tlie three vertices of a 
triangle, that is, to circumscribe a circle alvoiit a given triangle. 



Proposition XXXIX. Problem. 
240. Tkrouffk a given point to draw a tangent to a 



given circle. 




Case 1. — When the 



Let ABO {Fig. J) be a given circle, and C the given 
point on the circamferenoe. 

It is required to draie a tangent to the circle at Q. 

From the centre 0, draw the radius 0. 
At the extremity of the radius, 0, draw C M ± to C. 

Then M is the tangent required, § 186 

(a atraigki Iwie ± to a radius at its extremity is tangent to Ike O). 

Case 2. — JThen the given point is milhaul the circumference. 

Let ABO (Fig. 3} he the fjVen circle. its centre, 
E the given point without the circumference. 

It is required to draw a tangent to the circle ABC from 
ike point E. 

Join E. 
On OE ABB. diameter, describe a circumference intersecting 
the given circumference at the points M and H. 
Draw OMmd Oil, EMand EH. 
Now Z OME h&it.Z, §204 

{being inscribed in a semicircle). 
.-. ^Jf isX to O J/ at the point if ; 

.-. EMis tangent to the O, § 186 

(o stToight line ±10 a radius at its extremily is iangeiU to the O). 
In like manner we may prove S E tangent to the given O. 

Q.E.F. 

241. Corollary. Two tangents drawn from the same point 
to a circle are equal. ' , ^ ■ ■ • w^^ . ^ 
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Proposition XT., Problem. 
242. To imcribe a circle in a given triangle. 



.y> 



a 

Let ABC be the gives tiiangle. 
It is required to inscribe a O in the A A B C. 
Draw the line A E, bisecting /. A, 
and draw the line OS, bisectii^ Z C. 
Draw ^£r± to the line A 0. 
From E, with radius Eff, describe the O KME. 
The O KHM is the required. 
For, draw^A'J.to J£, 
andjFJf±to£C. 
In the it. A J KE and A HE 
AE = AE, 
ZEAK=^BAH, 

.■.AAKE = AAHE, 
e egual if the kypoteauM and an aeuU /.of ike o. 



Iden. 

Cons. 
§110 



.-. BK^.EH, 

Qteing hemologoue sida o/eqval &). 

In like manner it may he shown EM= EH. 

.: EX, EH, and E M are all equal. 

.'. a O deacrihed from £ as a centre, with a radius equal to EH, 

will touch the sides of the A at points H, K, and M, and 

be inscribed in the A. § 174 

aE.F. 
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Proposition XLL Froblbh. 
243. Pjjom a given straight line, to describe a segment 
which shall contain a given angle. 



^A^ 




Let AB he the givea line, and M the given angle. 

It is required to desert a segvient upon the line A B, which 
iliall contain Z. M. 

At the point B construct Z.ABE equal to Z if. 
Bisect the line J 5 by the L F H. 
From the point B, draw S J- to E B. 
From 0, the point of intersection of FH and £ 0, as a 
centre, with a radius equal ia B, describe a circumferenee. 

Now the point 0, being in a J. erected at the middle of 
A B, is at equal distances from A and B, § 58 

{every juntU ina ±. erected fd, the middle of a straight line is at e^wii dis- 
tances from the extremities of that line) \ 

.'. the circumference will pass through A. 
Row BEis±%oOB, Cons. 

.-.BEh tangent to the O, § 186 

(fl straight line JL to a radius at its extremity is langeiU to the O). 

.-.Z ABE\s measured by J arc ^ 5, § 209 

ibemg an ^formed by a tangent and a chord). 
Also any Z inscribed in the segment A HB, as for instance 
/. AKB,'^ measured hy ^ Ate A B, § 203 

{bting an inscribed Z). q\^. 



CONSTHUCnONS. 

.■.ZAKS = ZABE, 

{being bctk measured by i the same arc) ; 

.■.ZAK£ = ZM. 

.■. segment A H B is the segment required. 

Proposition XLII, Problem. 
244. To Jind the ratio of two commensurable U 

E H 

A ' -. i— I- B 

K 

el — ^ — , — ^D 

F 
Let AB and CD be two straight lines. 

It ii required to Jind ike greatest common measure < 
and C D, 90 as to express their ratio in figures. 

Apply GD to A B as many times as possible. 

Suppose twice with a remainder EB. 

Then apply £B to C i) as many times as possible. 

Suppose three times with a remainder fD, 
Then apply FD to S B its many times as possible. 

Suppose once with a remainder SB. 
Then apply ffB to FB as many times as possible. 

Suppose once with a remainder K D. 

Then apply K D to HB as many times as possible. 

Suppose KI) is contained just twice in H B. 

The measure of each line, referred to JCD as a un: 

then be as follows ; — 

HB=2KD; 

FD = SB + KP^ 3KD, 
EB = FD+ HB = 5KD; 
CD =dSB+ FD = \8KD; 
AB =-2 0D+ EB = i\KD. 
. AB ^ 41 A'-P , 
'■ CD IHKD' 

^^ ^. .AB_i\ '■""' 

.■.the«t,oof — -^. 
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EXEROISSa 



1. If the sides of a peolagon, no two sides of vbich are 
parallel, be produced till they meet ; show that the sum of all. 
th^ angles at their points of intersection will be equal to ti^o 
right angles. 

2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the vertices of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. ABB ha, semicircle of which the centre is C; and AMC 
is another semicircle on the diameter AC ; AT \% & common 
tangent to the two semicircles at the point A. Show that if 
from any point F, in the circumference of the first, a straight 
line FC be drawn to G, the part F K, cut off by the second 
semicircle, is equal to the perpendicular Fffto the tangent A T. 

5. Show that the bisectors of the angles contained by the 
opposite sides (produced) of an inscribed quadrilateral intersect 
at right angles. 

6. If a triangle ABCh^ formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and A N, are fixed, while the third, BC, touches the ei> 
cumference at a variable point P ; show that the perimeter of 
the triangle ABC h constant, and equal to AM + A !f, at 
2 AM. Also show that the angle B0& ia constant. 

7. A B \& any chord and ^ C is tangent to a cirele at A, 
G D E B. line cutting the circumference in D and E and parallel 
\o AB; show that the triangle A C J> is equiangular to the 
triangle EAB. 
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CONBTRUCTIONS. 



I, Draw two concentric circles, such that the choids of the 
ou^r circle which touch the inner maj be equal to the diameter 
of the inner circle. 

1 2. Given the base of a triangle, the vertical angle, and the 
b^gtb of the line drawn from the vertex to the middle point 
of the hase : construct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle : construct the triangle. .' - J -' 

i. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
triangle. <^ ^ i 

5. Describe a circle cutting the sides of a given squnre, so 
that its circumference may he divided at the points of inter- 
section into eight equal arcs. 

6. Construct an angle of 60% one of SO", one of 120°, one 
of 150°, one of 45°, and one of 135°. 

7. In a given triangle ABC, draw QBE parallel to the base 
B C and meeting the sides of the triangle at I) and B, so that 
.D .S BhaU be equai to D3+ EC. 

8. Given two perpend iciilars, A B and CD, intersecting in 0, 
and a straight line intersecting those perpendiculars in E and F; 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F. (Two solutions.) 

9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given; 
find the locus of the vertex. 

II. If a ladder, whose foot rests on a horizontal plane and , 
top against a vertical wall, slip down; find the locus of its 
middle point. 

,..,.,„ Google 



BOOK III. 

PKOPOETIONAL LINES AND SIMILAR POLYGONb. 

On the Thboey of Proportion. 

245. Def. The Terms of a ratio are the quantities com- 
pared. 

246. Def. The Atiieixdent of a ratio is its first term. 

247. Dep. The CtwuejwCTii o/ a rarto is its second term. 

248. Def, A Proportion is an expression of equality be- 
tween two equal ratios. 

A proportion may be expressed in any one of the following 
forms: — 

1. a -.b :: c -.d 

2. a -.1 = c : d 

3. " = 1. 
b d 

Form 1 is read, a is to 6 as c is to rf. 

Form 2 is read, the ratio of a to 6 equals the ratio of c to i/. 

Form 3 is read, a divided by 6 equals c divided by d. 

The Terms of a proportion are the four quantities com- 
pared. 

The firgl and third terms in a proportion are the ante- 
cedents, the second a.nd fourth, terms are the consequents. 

249. The Extremes in a proportion are the _first and fowlh 

250. The Means in a proportion are the second ajid third 
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251. Def. Iq tbe proportiou a:6::c:rf; liisa Fourth 
Proportional to a, 6, and c. 

252. Def, In the proportion a:6::6:c; c is a Third 
Proportional to a and b. 

253. Def. In the proportion a -.b : -.b -.c; b 'in a Mean 
Proporliwial between a and c. 

254. Def. Four quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the thitd is to 
the reciprocal of the fourth. 

Thus a:b::\:L 

If we have two quantities a and 6, and the reciproeala of 
these quantities - and - ; theae four quantities form a recipro- 
cal proportion, tbe first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 



Aa 



256. Dep. a proportion is taken by Alternation, when tbe 
means, or tbe extremes, are made to exchange places. 
Thus in the proportion 

a : b : : c : d, 
we have either 

Sf : e : : b : d, or, d : b : : c : a. 

256. Dbp. a proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 
Thus in the proportion 

a : b :: c : d, 
by inversion we have 



257. Def. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 
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the third and fourth is to the fourth ; or when the sum of the 
firat and second is to the hrat as the sum of the third and fourth 
is to the third. 

Thus if a : b : : e : d, 

we have by composition, 

a + b : b ■ : c + d : d, 

or, a+ b : a :: c + d : c 

258, Dep. a proportion is taken by Division, when the 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth ; or when the 
difference of the first and second is to the first as the difference 
of the third and fourth is to the third. 

Thus if a : b :: c : d, 

we have by division 



Proposition I. 

359, /» ever^ proportion ifie product of the extremes i 
equal to the product of the means. 

Let a : b :: e : d. 

We are (o prove ad ^ ho. 

Now ? = -, 

5 d 

whence, by multiplying by bd, 

ad = be. 

Q.E.0 

L);,i....i IV Google 
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In the treatment of proportion, it is assumed that fractions 
may be found which wiJl represent the ratios. It is evident that 
a ratio may be represented by a fraction when the two quanti- 
ties compared can be expressed in. integer* in terms of any 
common joiit. Thus the ratio of a line 2^ inches long to a line 
3| inches long may be tepreeeuted by the fraction || when both 
lines are expressed in terms of a unit -fj of an inch long. 

But it often happens that no unit exists in terms of which 
both the quantities can be expressed in integert. In such cases, 
however, it is possible to find a fraction that will represent the 
ratio to any required degree of accuracy. 

Thus, if a and 6 denote two iucommensurable lines, and b be 
divided into any integral number (n) of equal parts, if one of 
these parts be contained in a more than m times, but less than 

m + 1 times, then - > — but < — X— ; so that the error 

in taking eithei of these values for -is < -. Since n can 

be increased at pleasure, - can be made less than any assigned 

value whatever. Propositions, therefore, that are true for — and 

— — — , however little these fractions differ from each other, are 

true for _ ; and _ may bo taken to repretent the value of -. 

Proposition II. 

260. A mean proportional between itoo ^antitles is 
equal io the square root of their product. 
In the proportion a : h ;: b ; e, 

b* = ae, S 259 

[theprodiKt of the extremes is equal to theprodiul of Oie meant). 

Whence, extracting the square root, 
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Proposition III. 



261, If the product of Itoo qitantilie» he equal to the 
product of two others, either twq /mat/ be made the extremet 
of a proportion in which the other two are made the meam. 



We are to prove a : b : : c : d. 

Divide l>oth members of the given equation hj bd. 



Proposition IV. 

262, If four (/uantilies of the same kind be in propor- 
tion, they will he irt proportion hy alternation. 

Let a : b :: e : d. 
We are to prove a : c : : b : d. 

Now, - — £ . 
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263. If /out qtiantitiei he in proportion, they mil be it 
prnpoTtion hy inversion. \^ 

LBt a : b :■.<■: d. 

We are to prove b : a : : d : c. 

"'"• f-5- 

Divide 1 by each member of the equation. 
Then l = t, 

or, h : a : : d : e. 

4.E.D, 

Peoposition VI. 

264. If four quantities he in proportion, they will be ii 
proportion by composition. 

Let a -.b-.-.c-.d 

We are to prove a ■\- b : b : : c + d : d. 

"" 5 =T. 

Add 1 to each member of the equation. 

that 18, — - — = I 

or, (i-Vb ■ b :: c + d -.d. ' ' -'">'^l'' 

' a. E. D. 
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Propobition Vir. 



265. If /out quantUiet be in proportion, they will be in 
proportion by division. 

Let a : b :: e : d. 
We are to prove a~ b : b : : c — d : d. 

Now - = ^ . 

b d 
Subtract I from each member of the equation. 

Then ^ _ i = 5 _ , 

b ^ d ^' 

that is, """^ = ITJ', 

6 d 

or, a — b:b::'e — d:d. 

Q. E. O. 

PROFOBITION VIII, 

268. In a series of equal ratios, tke sum of the ante- 
cedents is to tke sum of the consequents as any antecedent is 
to its consequent. 

Let a : b = c : d = e : f = g : h. 

We are to prove a + e+ e + g :b+ d-\- /+ k -.-.a -.b. 

Denote each ratio hy r. 

Then '■=6=d=7=A' 

Whence, a = br, c=^dr, e=/r, ff = kr. 
Add these equations. 

Then a + e + e + ff = {b + d+/+k)r. 
Divide by (b + d +/+!,). 

■ Then 'L±1±1±.^ = ,= ^ 
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PROPOSITIOH IX. 

267. The pToditcia of the corresponding terms of two c 
mare proportions are i« proportion. 
Let a : b : 
e :/: 
It : I : 



We a 



o prove aek : hfl : 



cgm '. dhn. 



Whence by umlliplication, 

aeh _ cgm 
bfl ~ Jkn' 
or, aek : hfl : r cam : dhn. 

a. K. 0. 

Pboposition X. 
268. Like poieers, or like roots, of the terms of a pro- 
portion are in proportion. 

Let a -.h :: e : d. 
We are to prove a" : 6" ; ; c" : <Z", 

and a" ; 6" : : c" : d". 

Now ' . * = £ . 

h d 
By raising to the n* power, 

— = — ; or a" : S" : : e" : d". 

By extracting the n."" root, 



-- = —-; or. 



' : 6^: 



269. Sep. Equimultiples of two quantities av 
obtained by multiplying each of them by the f 
Thus ma and mb are equimultiples of a and b. 



the products 
tme number. 
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Proposition XI. 
270. Equiraultipleg of two quantities are in the same 
■iilio as the quantities themselves. 

Let a and b be aay two quantities. 
Weare to prove ma : mb : : a : b. 

_ == _ . 
Multiply both terms of first fraction by m. 
Then ^ = " , 



Pbopobition XII. 
271. ^ two quantities be increased or diminished by 
like parts of each, the results will be in the same ratio as the 
quantities themselves. 

Let a and h be any two quantities. 

We are to prove a ± -t. a : b ± " b : : a : b. 

1 « 

In the proportion, 



substitute for m, 1 ± - . 

Th„ (,±?).'(l±£)» 

or a±£«;4±S6: 



272. Dbp. Euclid's test of a proportion is as follows : — 
" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and .fourth i.,.,... ,^ 
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" If the multiple of the first be Uss than that of the second, 
the multiple of the third is also less than that of the fourth ; or, 

" If the multiple of the hist be equal to that of the second, 
the multiple of the third is also equal to that of the fourth ; or, 

" If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth." 



Proposition XIII. 

278. If four quanlides be proportional according (o tht, 
algebraical defi/tidon, they will also be proportional according 
to Euclid'i definition. 

Let a, b, e, d be proportional according to the alga- 

hraical detinitlon ; that is t= -,- 
b a 

We are to prove a, b, c, d, proportional according to Euctidt 
deJinitioR. 

Multiply each member of the equality by — . 

Then ^ = ^. 

nb nd 

Now from the nature of fractions, 

if m d be less than nb, mc will also be less than n. d ; 

if ma be equal to m 6, mc will also bo equal tond; 

if i» o be greater than nb, mc will also be greater than n d. 

.'. a, b, c, d are proiwrtioiifils according to Euclid's def- 
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'^ 1. Show that the straight line which hiseets the external 
vertical angle of an isosceles triangle is parallel to the base. 
2. A straight line is drawn terminated by two parallel 
'straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line ia bisected at the middle point of the 

J 3. Show that the angle between the bisector of the angle A 
of the triangle A SO and the perpendicular let fall from A on 
BG i& equal to one-half the difference between the angles B 
and G. 
. 4. In any right triangle show that the straight line drawn 
from the vortex of the right angle to the middle of the hypote- 
nuse is equal to one-half the hypotenuse. 

5. Two tangents are drawn to a circle at opposite extremities 
!of a diameter, and cut off from a third tangent a portion A B. 

If C be the centre of the circle, show that AGBisi. right angle. 

6. Show that the sum of the three perpendiculars from any 
point within an equilateral triangle to the sides is equal to the 
altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicidar to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained hy the chord 
and the diameter drawn from either extremity of the chord. 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two aides; show that a circle 
can be inscribed in the quadrilateral. 
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On Proportional Lwib. 
Proposition I. TsEOitEU. 



274. If a series of parallels intersecting anp two 
straiffki lines intercept equal parts on one of these lines, 
Ihe.y will interest equal parts on the other also. 



Let the series of parallels A A', SB', CC, DD', E E', 
intercept on S' K' equal parts A' B', B'C, C ly, etc. 
We are to prove 

they intercept oh H K equal parts A B, £C, CD, etc. 
At points A and B draw A m and Bn Wio H' K'. 

Am = A'B', § 135 

{paralUls eompreliended between paraJUla are eqiud). 

Bn = B'C', 5 13.5 

.-. Am = Bn. 

In the A 5 J m and C B n, 

ZA=ZB, § 77 

{having Ikeir aides respectively II and lying in (he same diredvm from 
tie vertiees). 



.-. ABAm=-i^CBn, § 107 

{having a side and Ivn idj. A of the cmt equal respectively to a side and 
liio adj. A offfie other). 



'iig homologous sides of equal &|. 
we may prove BC= C P, etc. Cooijlc 
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Pbopobition II. Thhokkm, 

275. If a line be drawn through tv>o tides of a triangle 
parallel to ike third aide, it divides those sides propor- 
tion ally. 



la the tiiangle ABC let EF he diawa paiaUeJ to £ 0. 



We are to prove 


EB FC 
TS" AF- 




Case I. — When AEandEB {Fig. 1) o. 




Find a commoD 


meaanre ot A E and E B, namely Bm. 


Suppose £m 


I to be contained in 5 £ three times, 




and in ^ £■ five times. 




Then 


EB ^ Z 
AE 5' 




At the several 


points of division on 


BE and AE draw 



straight lines II to £ C. 

These lines will divide A C into eight equal parts, 

of which ^C will contain three, and A f will contain five, §274 

{if parallels iitlerseding any two straight lines intercept eqmtl parts on one 

of these lines, tMy uHll i7Uercrp> equal parts o» llie other alao). 

. FC _3 
'" AF~ 5' 



AE~ 5' 
EB ^ FC 

' AE TF' 



/IbyCOO'^lAX. 1 
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Case. II. — When A E and EB {Fig. 2) are incommertsun^le. 
Divide A E into any number of equal parts, 
and apply one of these parts \x> E B aa ofton as it will be 
contained ia £ B. 

Since A E and EB are incommensurable, a certain number 
of these parts will extend from ^ to a point K, leaving a re- 
mainder KB, less than one of the parts. 
D-CA-vi KHW to BC. 
Since A E and EKxtv, commensuiable, 

EK FH ,n I^ 

AE = TI' ('^^'■^ 

Suppose the number of parts into which A E is divided to 

be continually increased, the length of each part will become less 

and less, and the point K will approach nearer and nearer to B. 

The limit of ^JT will be E B, and the limit of ^ff will be FC- 



Now the variables ^--, and — — are always equal, how- 
ever near they approach their limits ; 

.'. their limits — and ±2- are equal, § 199 

^E A I' a E D 

276. CoBOLLABT. One side of a triangle ia to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB : AE ■.-. FC : AF. § 275 

By composition, 

E B + A F : A E : : FC + A F : A F, §263 

or, AB : AE :: AC -.AF. 
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GEOMETKY. - 



Proposition III. Thbobbm. 

277. If a straight line divide two sides of a triangle 
proportionally, it ii parallel to the third aide. 




■e to prove EFWloBC. 

From E draw EH II to 5 C 
AB _ AO 
AE AH' 



§276 



Hyp. 



(fiat side of a l\ is to sUher part out off by a Kiie II (o (Ae boat, as the other 
side is to the corre^ionding part). 

But ±i=^, 

AE AF 

. AC AC ■ , , 

■af-Th' ^- ' 

.■.AF= AH. 

.-. E F And E H coincide, 
(their actremUiea being the soine pcinls). 
But EHia II to BO; Coiis. 

.-. EF. which coincides with E H, is II to B 0. 

Q. E. D. 

278, I>EF. Similar Polygons are polygons which have their 
homologous angles equal and their homologous sides proportionaL 

Homologous points, lines, and angles, in similar polygons, 
aie points, lines, and an^^les similarly situated. 
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On Similar PoLYOONa, 
Pbofosition rV". Teborem. 
279. 2'wo triangles v>hich are mutually equiangular are 
timilar. 




a 

In the AABC and A'^C let A A, B, C be equal to 
A A', B', C respectively. 

We are to prove AB : A' B' = AO : A' C = BC : B" C. 
Apply the A A' B' C to the A ^ 5 C, 
80 that Z A' shall coincide with A A. 
Then the A A'B'C will take the position of A A E ff. 
Now Z AEH (sAme as Z B') = /. B. 

.-. BH\s II to-BC, § 69 

{when, two straight UiKa, lying in Uie same plant, are cut by a third sCraight 
lin*, i/Oie ext. int. A be equal Ike linet are paralUl). 

.■.AB:AE = AG: AH, §276 

(one side of a A is to either part cut off by a line 11 to the base, as the other 
side is to the corresponding part). 

Substitute for A E and A H their equals A' & and A' C. 
Then A£ : A' B' = AC : A'C. 

In Uke manner we may prove 

AB : A' B' = BO : B'C. 
.', the two A are similar. § 278 

Q. E. D. 

280. CoK. 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cob. 2. Two right triangles are similar when an acute 
angle of the one is eciual to an acute angle of the other. 
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Proposition V. Theoreu. 



282. Tioo triangles are similar when, their homologous 
tidei are proportional. 





la the tziangles ABC and A'B'C let 
AB _ A^ ^ BG_ 
A'B' A'C B-C' 
We are to prove 

A A, B, and equal respectively to A A', B', and C. 

Take on A B, A H equal to A'B", 

and on A 0, A H equal to A' C. Draw SH. 

JTB' - TC'' ^^' 

Substitute in this equality, for A'B' and A' (? their eqiula 
^ ^ and ^ ^. 

Then ■ ^=^. 

AB AH 

. .-.EH^aWioBC, 5 277 

{if a line divide two aides of a 6. proportionaUy, U vsW to the third side). 
fiow in the A ^ BC and A EH 

^ ABC = Z AEH, §70 

{h-ing ext. int. angles). 

Z ACB = Z AHB, § 70 

ZA=/.A. Iden. 

,-. A ABO&adA EH are similar, § 279 

(tico ■muiually eguiaiif/ular & are similar). 
. AB AE 

" B'C- EH' ^ "* 

(honmlogoiti leides of similar &. are sropartionaZi. . . ■ . ,^ . . 



Bat 



Hyp. 



§1 
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BC B-C' 

■ ■iA - ^^ 

■ ■ EH~ B'C'' 
Since AE = A'B', 

EH= B'C. 

Now ia the A AEH «aA.A' S C, 

En=B'C', AE~A'B', and AH = A'C', 
,\AAE3 = AA'B'C', 
{having l^w aidei of tJie one equal re^KCtiveJ.}/ to three mda of the other). 
But A A EH is similar to A ABC. 

.-. A A' B' C ia similar to A A BO. 

Q. E. D. 

283. Scholium. The primary idea of eimilarity is likeneet 
of form ; and the two coDditione necessary to similarity are : 

L For every angle in one of the figures there mnst be an 
equal angle in the other, and 

II. the homologous aides must he in proportion. 

In the case of triangUi either condition involves the other, 
but in the case of other polygotit, it does not follow that if one 
condition exist the other does also. 




Thus in the quadrilaterals Q and Q', the homologous aides 
are proportional, but the homologous angles are not equal and 
the ^ures are not similar. 

In the quadrilaterals R and E', the homologous an^es are 
• equal, but the sides are not proporinonal, and the figures are not 
similar. - ^■■■"^s'^ 
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Proposition VL Thbobbh. 



284, Two triangles having an, angle of ths one equal to 
an angle of the other, and the including tides j. 
are similar. 





In the triangles ABO &nd A' B'C let 

We are to prove A ABC and A' & C similar. 

Apply the A A' B'C to the A ABO so that Z A' ahaH 
coincide with jC A. 

Then the point B' will fall somewhere upon A B, as at, E, 

the point C will fall eomewhere upon AC,b» at H, and 
B' G> upon EH. 

„ AB AG „ 

""' JTS' - ITS'- ^^- 

Substitute for A' B' and A' C their equals A E and A H. 

Then l^ = d£. 

AE AH 

.■.the line EH divides the sides AB and AC propor- 
tionally ; 

.-. ffff is II to -SC, §277 

{if a line divide two sides o/a A proportionally, it is W to the Hard side). 
. ■ . the & ABC and AEff are mutually equiangular and similar. 
.-. A^'^'C'issimilarto A ABC. 

aE.D. 
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Propobition VIL Theorem. 



285. Two triangles which have their sidet respecUvely 
farallel are similar. 




^O A 



In the triangles ABO and A'ffC let A B.AC, anil 
BO be parallel respectively to A' B', A'O, and 
B'C. 
Wearetopnm A A B and A' B" C timilar. 

The corresponding A are either equal, § 77 

{two A v^u/ie gides are II, two and two, and lif. in the same directum, or 
opposite directiima, from their iiertices are equal). 

or supplements of each other, § 78 

(Jf tiBO A tuive lioo tides II and lying in the lamx dirtciion from their vertices, 

johile the other ttm sides are II and lie m opposite directions, the A are 

supplfimnls of each other). 

Hence we may make three suppositions : 

1st ^ + ^' = 2rt.^, 3+B' = 2Tt.A, C'+C"=2rt. A 

2d. A = A', B+B' = 2Tt.A, 0+0' = 2 rt. A. 

3d. A=A', B = B' .-. = 0'. 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 

.■.the two A A BO and A'B'O' are similar, §279 
(two mutnattv egmangtilar & are similar). 
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Propobition VIII. Theoreu. 



286. Tieo i/riangles which have their tides retpecttvely 
perpendicular to each other aje similar. 




In the tHaagles EFD &nd£A C, let E F, FD and ED, 
be peipeadiculaz respectively to AC, BC &nd AS. 



We a 



'. to prove A E FD and BAG tinUlar. 



Place the A EFD bo that its vertex E will fall on A B, 
and the side EF, ± to ^ C, will cut A &t F'. 

Draw F' D" Wto F D, and prolong it to meet ^C at H. 
In the quadrilateral BED'H, i £ and // are rt. A. 





.-.^fi + Z Ely H=2Tt. A. 


§158 


But 


ZED'F'-\-ZED'H=2n.&.. 


§34 




.-.LED'F'^AB. 


Ai. 3. 


Now 


ZC+ZHF'0=Tt.Z, 
(in art. AIM sum of the two acute A = arL£); 


§103 


and 


ZEF- D' + AHF'C = T%./L. 


Ai. 9. 




.\^EFD'=ZC. 


Aa. 3. 




.-.AEFD' and B AC are sunilar. 


§280 


But 


AEFDk similar to A EFD'. 

.-. AEFDmdBAC are siniilar. 


§279 



287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 
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Proposition IX. Theobbm. 



288. Lines drawn through the vertex of a triangle divide 
proportionalli/ the base and its parallel. 




la the triangle ABC let HL be p&i&Ual to AC, and 
let B S and ST be lines drawn throngh its ver- 
tex to the base. 



AS _ ST ___ TC 
H0~ ~0R~ RL' 

A BHO and BA 5are similar, 5 279 

(hoo A which are mutually equiangular arc similar). 

&^ BOB im& BSTfoe. similar, § 279 

A ^ fli; and 5 ^(7 are similar, § 279 

'ho \0b) or \Br} RL' 

{homologovs tide* of similar & are proportional). 



Ex. -Show that, if three or more non-parallel straight lines 
divide two parallels proportionally, they pass through a 
point. -■ 
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Pkopobitios X. Theorem. 
389. If in a right triangle a perpendicular be drawn 
from the vertex of the right angle to the hypotenuse : 

I. a divides the triangle into two right triangles which 
are similar to the tohole triangle, and aho to each other. 

II. The perpendiaiilar w a mean proportional between 
the segments <f the hypotenuse. . 

III. Mach side of the right triangle is a mean pro- 
portional between the hypotenuse and its adjacent segment 

V IV. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote- 
nuse. 

V. Tke square on the hypotenuse has the same ratio to 
the square on either side as the hypot^enuse has to the segment 
adjacent to that side. 




la the light tnaasle A B C, let BF be diAwa from the 
vertex ot the light angle B, pezpendicalar to the 
hypotenuse AG. 
I. We are to prove 

tkeAABF,ABC, and F B C *imilar. 
Intbert. A BAFmdBAC, 

the acute Z. A is common. 

'. the & are similar, § 2 



1)0 ri. & are similaT whtn. an acute ^ of the one u 

of the other). 

luthert. ABC F&nABCA, 


"""" 


m <l£VJxL 




the acute Z (7 is conniion. 








.■• the A are similar. 




§281 


Now 


as the rt. A J 5 i^ and C 5 J" ai 

reason of the equality of their ^, 
they are similar to each o^e 


■n both .imilai lo 
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n. Wearetoprove AF : BF : : BF : FC. 
luthesimilar A J Jf and C B F, 

A F, the ehoiiest side of the one, 

: BF, \iiB shortest side of the other, 

: : BF, the medium side of the one, 

: F C, the medium aide of the other. 

III. Wtwretoprovt AC : AB : : AB : AF. 

In the similar A ABC and ABF, 

A C, the longest side of the one, 

: A B, the longest side of the other, 

: : AB, the shortest side of the one, 

: A F, the shortest aide of the other. 

Also in the similar A A BC and FB C, 

A C, the longest side of the one, 
: B 0, the longest side of the other, 
: : BC, the medium eide of the one, 
: F C, the medium side of the other. 

TV. We are to prove = --— - . 

In the proportion AC : A£ : : AB : AF, 

r& = ACy.AF, § 259 

(jMprodiui ofOu extremes is cgiial to the prodtKl of the iiuaiu). 
and in the proportion AG : BC :: BC : FC, 

S7^=-ACX FO. §259 

Dividing the one by the other, 

/^ ^ ^CXAP 
57J" ACX FC' 
Cancel the common factor A G, and we have 
JT^ _ AF 
V F77>~ i'O' 

V. We are to prove £^ = ^. 

jfT? — ACX AC. 

J^ — ACXAF, (Caseni.) 

Divide one equation by the other ; 
th ^^ .^gX AG ^ AC 

^^ -g-j^~ AGXlF ' AF' ■^■'ii.i.b. 
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Proposition XI, Theorem. 



290. If (wo chords inieraecl each other in a circle, their 
fieffmenU are reciprocally proportional. 




Let the two chords A B And E F intersect at the 
potxt 0. 

We are to prove' AO : EO : : F : B. 
Draw ^Z" and E B. 
, In the A J f ftnd i" B, 

/.F=/.B, §203 

(each being nuasared by ^ nrc A E). 

Z A=Z E, 5 203 

(eath being nieaam-ed by i arc PB). 

.■.the /& are similar. • §280 

(ftra & ore limilar -wheii tvjo A of the one are equal to tiro A o/the other). 
Whence A 0, the medium side of the one, § 278 

: EO, the medium side of the other, 
: : F, the shortest aide of the one, 



vjivCoO'^lc 



pBOPOaiTiON XII. Theorem. 

291. If from a point without a circle two »ecant» be 
drawn, the whole aeeanf» and the parU without ike circle 
are reciproeallg proportional. 




Let OB and OC be two secants drawn from point 0. 
We are to prove B : C : : M : S. 

Draw jy C and Jtf-R 
\n the A OlfC awl MS 

Z ]a common. 



(each beiiig measured by \ arc B it). 

.'. the two A are similar, 

•0 A art gimHaT lohea two A of the one are equnl to 

Wlienea OB, the longest side of the one. 
; 0, the longest side of the other, 
: : OM, the shortest side of the onp, 
: IT, the shortest side of the other. 



5 203 



§280 
A o/lhe oOicr). 



,CcK,gle 
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PROPoaiTios XIII. Theoreu. 



292. If from a poixi without a circle a secant and a 
tangent be drawn, the tangent is a r^ean proportional delieeeii 
iJie whole secant and the part without the circle. 




Let OB be a tangent and OC a secant drawn trom 
the point to the circle MBC. 
We are to prove OG : B : : B : Af. 

Draw BMmABC. 
lni\\6 ^ B M anA. BC 

Z is common. 

Z OBM ia measured by J are MB, § 209 

{being an Z-formtd, hy a tangent and a chord). 

Z Ob measured by J arc £ M, § 203 

(being an iiismied Z ). 
.•.ZOBM = Z C. 
.-.AOBC and 5 ^/ are similar, § 280 

(hanng tvio A of the one cqunl (o Imo A of the oUur). 

Whence C, the longest side of the one, § 278 

: B, the longest side of the other, 
: ] O B, the shortest side of the one, 
; O if, the shortest side of tho other. 



StUILAK POLYGONS. 



Proposition XIV. Theorem. 
293. If two polygons he compoted of the same number 
of triangles wkick are similar, each to each, and similarly 
placed, ikm the polygons are similar. 




la the two polygons ABODE and A'B'G'D'E', let 
the tiiaagles BAE, BEG, and CED be similar 
respectively to the triangles £' A' E', B' E'C, and ' 
C'E'D'. 



We are to prove 
the polygon ABC D E timilar to the polggoi 

Z A^Z A', 
{beiwj hoMoliiguus A of similar & ) 

Z ABE^Z A'B'E; 
■ Z EBC = Z E'B'C, §27; 

Add the last two equalities. 

Then Z ABE + Z E BG = Z A' B' E' + Z E E' C ; 
or, Z ABC^Z A'B' G'. 

In like manner we may prove Z B B = Z E' C' E', etc. 
.'. the two polygons are mutually equiangular. 

ArE'~A^~\W£')~B'V \E'C') C' E' 
(the homologous gidca o/sijnilar A am praportiona?). 
.■. the homologous sides of the two polygons are proportional. 



Now 



C'E'E'. 
§278 

§278 



E'' 



.". the two polygons are similar, § 278 

{having thHr homolorjoM A equal, and i/tcir Imnologous al^s propmiionaT). 



GKOUETRY. - 



pROPOsiTioif XV. Theorem. 

294. If two polygons be similar, they are composed nf 
the same number of triangles, wkick are similar and similarlj/ 




Let the polygoas ABCBE and A'BC iyE< be similar. 

From two homologous vertices, as E and E', 

draw diagonals E B, EC, and E' B', EC. 

We are. to prove A A E 71, EBC,ECD 

similar respectively to A A' E' B', E'B'C, E C D". 

Ill tlie &^AEBo.w\ A'E'B', 

Z A=Z A', § 278 

{bcinff hmrwloginia A of aimilar polygons). 

A^ = A^ 5 278 

A'E' A'B- 
{being lunnologma sides of similar pnlygoiis). 

.\A. AEBaxiA A' E' & are similar, § 284 

(having an ^rt^lte (me eqiud to an Z. of the oilier, nnd the vtelvdhtg 
f aides praporlinnid). 

Alsof ZABC^Z A'B'O, 

(lieiag hm\nki(imui A of similaT palygims). 
ZABE = Z A'B'E, 

(being homnhigoiis A of similar & ). 

.•.ZABC-ZABE = Z A'B'C'- Z A'B'E'. 
Thatifl Z EBC^ZEB'C. ..\,-. 
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EB AB 



^'^'^ E'B- A'le' 

{beiny koTuilogoas fides of similar & ) ; 

B'C A'M' 
{beiTig luimoltyous fides of Hmilar polygons). 

E'B' B'V 

-■- A EBC axiA E' B' C are similar, § 284 

{having an L of the <nie eqiud to an /.af (he other, and the iiicluding sides 
proportional). 

In like manner wc may prove A £CiJ similar to A ^'Ci)'. 

Q. E. D. 

Proposition XVI. Theorem. 
295. The perimeters of two similar polygons have the 
same ratio as any two komologom sides. 




LettbetwosImnarpoJygonsbeABCiJ/ia.ndA'B'C'D'E', 
and let P and J" represent their peiimeters. 
We fire to prove P : I" : : A B : A' B'. 

AB : A' B' :: BC : B'C :: CD : CD' etc. § 278 

(Die hmrnlogoux sides of similar pohjgpn* arc projiorliunal). 

.-. AB + BC, etc. : A'B' + BC, etc. :. AB : A'B\ § 26fi 

(in a aeries of eqical ratina the sum of the infeeed^iits is to thesum of the 

emiseqiieats as any aitiecedenl into Us consequent). 

That is P : P' :: AB : A'B-. , 



UKOMETRV. — BOOK IIL 



Pbopositiun XVII, Theorem. 



296. The homologous alHtudes of two similar triangles 
have the same ratio as any two homologous sides. 




In the two similar tiianglBS ABC and A'B'C, let 
the altitudes be SO and S'O'. 

w . BO AB 

We are to prove ^^, = jrjjr 

In the Tt. ABOA and B'O'A', 

Z A=Z A' § 278 

(being homologous d of the Hmitar A A B C and A' £< O. 

.-.A BOA ami A B" 0' A' Ate similar, § 281 

((100 rt. & having aa aciiU /. of the one egical to an acute ^ of the other are 
iimilUT). 

* .■- their homologous sides give the proportion 

SO ^ AB 

B'~0' A'B'' 



297. CoR. 1. The homologous altitudes of similar triangles 
have the same ratio as tlioir homologous bases. 



SIMILAR POLYGONS. 

In the similar A A B ^ad. A' B' C, 
AO ^ AB^ 
A'C A'B'' 
{the hamohgovs sides of similar &, are proportional). 
And in the similar A 5 ^ and £' O* J', 
BO _ AB_ 
B'O' ~ A'B'' 
. BO AC 



5 296 



■'W-O'-A^-' /''■' 

298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that of the 
second by P'. 

- — , 5 295 

A'B'' " 

r of lv!0 similar polygons have the same ratio as any two 



Tlien 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional. 

2. If the four sides of any quadrilateral be bisected, show that 
tlie lilies joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in H, K. On jU is described an 
equilateral triangle ABC, whose sides BC, AC, intersect the 
circles in F, E. FE produced meets B A produced in P. Show 
that as i*-l is to Pi" so is Cf to C£, and so also hP II to PB. 



GEOHETRY. BOOK III. 



Proposition XVIII. Theorem. 
399. In any triangle the product of ttoo tides is equal 
to the product of Ike segments of the third side formed by the 
buectoT of the opposite angle together with the square of (he 
bisector, . 

„^ "~^ 



Let ZB AC of the A ABC be bisected by the straight 
liae AD. 

We are to prove BAXAC = BDXDC+AD^. 
Describe t\i&Q ABC about the A ^ 5 C ; 
proJuce A D to meet the circumference in E, and draw EC. 
Then in the A J 5 i) and J ^ C, 

ZBA£> = ZCAE, Hyp. 

/. B = Z E, § 203 

{each being inamirer/ b^ i the arc A C). 
.-. A ABD and AEC&K similar, § 280 

{beo & are sivUlar lelicn Iwo A a/the one are equal rci^eelwety to Iwo A 
of the olhcr). 
Whence B A, the loiigest aide of the one, 
: EA, the longest side of the other, 
: ; AD, the shortest side of tbe one, 
: A C, the shortest side of the other ; 
BA AD 



or, 



EA 



AC 



§2rt 



{komologiraa sides of similar & are propoTlional). 

.-.BA XAC = EAX AD. 
But EA X AD = {ED + A D) A />, 

.-. B A X A C = E D X A D + A n*. 
But EDXAD^BDXDC, §290 

{the seginevla of two chnriix Jit a G vhkh inlerseel each ol/icr are 
reciprocal!)/ profiortioiuit). 

Substitute in the above equality BD X D C tot E D X A D, 
then BA X AC = BD X DC + AD\ 

'■ ■ ^^ »'E.D. 



Proposition XIX, Theorem. 

300. In any triangle the product of two tides w equal to 
the product of ilie diameter of the circumscribed circle by the 
perpendicular let fall upon the third side from the vertex of 
ike opposite angle. 




■Let ABC be a tiiansle, and AD the peipendicul&r 
inm A to BC. 

DeBcribe the circumference ABC about the A ^ 5 C. 

Draw the diameter A E, and draw E C. 

We are to prove BAXAC = EAXAI>. 

In the A ABB and AEC 

Z BBAviBLTt. Z, Cona. 

Z ECAmHTt. Z, §204 

(bcijig inmribal in a aeiiiicirclc). 
.-.Z I!t)A=ZECA. 

ZB~ZE, § 203 

(wre/t bfiiiri nieasurtd by \ the arc A C). 
.-. & ^ i /> and ^ -£■ C are eimiliir, 5 281 



B A, the longest Bide of the one, 
T E A, the longest side of the other, 
•.-.At), tli« shortest side of the one, 
: A C, the shortest side of the other ; 
BA _ AD 
EA^ AC' 
.-. BA X AC=^ EA XAD. 



GEOUKTRV. BOOK III. 



Pkopohition XX. Theorem. 



301. The product of Ike two diagonals of a quadrilateral 
inacribe/l ia a circle it equal to the mm of the proditctt of it* 
opposite tides. 

— --^ 




Let ABC I) be any qaadrilateial insczihed la a circle, 
AC and SD its Oiagonals. 

We are to i>rove BDXAC^ABXCD + ADXBC. 
Construct /.ABE = Z DBC, 

and add to each Z E B D. 

Then in tlie A ,4 iJ Z> an J 5 C -ff, 

/LABD^LCBE, Ax. 2 

and Z. BBA= £ BCB, 5 203 

(eocft heii\g mamirerf by \ Iht arc A B). 

.-. ^ABDomA BCE, are similar, § 280 

((((.o ki are similar loAen two A of the tnte are equal Topedively lo two A 
of the other). 

Whence A D, the meflium side nf tlie one, 
E, the medium side of the other, 
B D, the longest side of the one, 
B C, the longest aide of the other, 



,.,„,C,oo'^lc 



AD _ BD 

*'^' CE ~ BU' 

{the homolugom fide* af timUar & ufc proportvn 

.-.BBX GE = ADX BC. 

Aguiu, ill the A ABEaMBC D, 

Z. ABE = /.DBC, 

aud Z BAE = Z BBC, 

(each Uiiu/ meamred by i o/lhe arc BC). 

.'. &i A BEa.uA BCD &re similai-, § 

I & are timilar when two A of the oae are equal respectively to t\ 
of the other). 

Whence A B, the longest aide of the one, 
B D, the longest side of the other, 
A E, the shortest side of the one, 
CD, the shortest aide cf the other, 

^ = AI, § 

BD CD' 
(fhe Ttmnolcffoiis sides of similar i are proportional). 

.■.BDXAE=^ABXCD. 

But BDXCE=ADX BG. 

Adding these two eqnahties, 

B D {A E + C E) = A B X C D + A D X BC, 
or BDXAC = ABXCD + ADXBC. 



§ 2T8 



Cons. 
§203 



Ex. If two circles are tangent internally, show that chords 
of the greater, drawn from the point of tangency, are divided 
proportionally by the circumference of the less. 



QEOHBTRY. — BOOK 1 



On CONBTKCCTlOHa. ,^ 'J^ I 

Proposition XXI. Problem. ~' I 

302. To divide a given straight line into equal parts. 

A^. ^— , tB I 



/ 



" 



Let AB be the given stiaight line. 

It i» required to divide A B into equal porta. 

. From A draw the indefinite line A 0. 

Tiike any convenient length, and apply it to AO OB many 
times as the line ^ B is to be divided iTito parts. 

From the last point thus found on A 0. as C, draw C B. 

Through the several points of division on j1 draw linea 
B to CB. 

These lines divide A B into eijual parts, § 274 

(i/ o xries of lis iM/ersKfiwff rtaj) lirn slrnigM lines, inlcrcrpt eqiud pttrla 
on oiu o/lhtsa lino, thnj intcrccjil rqwU parts on the other also). 

«. E, F. 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is exterior. 

II. When the common tangent is interior. 

• , S^ 



( 



Proposition XXII. Problem. 

303. To divide a given straight line into parts pro- 
■■ ^portional to any number of given lines. 



Let A B, m., n, and o be given straight lines. 

It is requirvd to divide A B info parts proportional I to the 
given lines m, n, and o. 

Draw the iiidefimte linn A X. 

On ^JT take A C = m, 

CE^n, 
and EF=o. 

Draw FB. Prom E am! (! draw E K «aA C II II to FB. 

K anAII e,Tt the division points required. 

Por {iJL\ = ^JL^^L^_^E£, §275 

\AEf AC CE' EF ^ 

{n line drmm Ihroagh two sides of a A W In the third side diridca tiose 
side) proporliimallii). 

.-.AH : UK : KB :: AC : GE : EF. 

Substitute m, n, find o for their equals AC,C E, an.I E F. 

Then A II : II K : KB : : m : n : o. 
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Proposition XXIII. Problem. 

304. To find a fourth proportional to three given 
ilraight lines. 



Let the three given lines be m, n, and o. 

It is require to Jind a fourth proportional to m, n, and o. 
Take A B equal to n. 

Draw the indetiuite line A R, making any convenient Z 
witli A B. 

On^£take^(7=m, and CS^o. 
Draw CB. 
From S draw SFWUiCB.to meet A B produced at F. 
a F is the fourth proportional required. 

For, AC : AB :: OS : BF, § 275 

(fl line drawn througti tieo sides of a AW to the third side divides those sides 
pToportioHollif). 

Substitute ni, n, and o for their equals AC, AB, and C S. 

Then m : n : : o : BF. 



U5.t.z..JbvC,00'^IC 



CONSTEPCTION8. 



Pkoposition XXIV. Problem. 

305. To find a third proportional to two given, straighl 
line». 




Let AB and AC be the two given str&ight lines. 

It is required to find a third proportional to AB and A C. 

Place A B and AC so a&io contain any coavenietit Z. 

Produce ABia D, making BD = A 0. 

Join BC. 

Through D draw D E ]] io BC to meet A C produced at E. 

C Eiav, third proportional to AB and AC, § 261 

{a line drawn Ihnmgk two sides of a A II Co fA« third fide divides Ihase sides 
proportimuilly). 

Substitute, in the above equality, A C for ite equal B D ; 



Then 

AC 



AB ^ AC 
AC CE' 

AB : AC :: AC : GE, 



GKOUETRY. BOOK UI. 



Pboposition XXV. Problem. 

. To find a mean proportional between two given 



'7K. 



'■''- t- - -B " 

hat the two eivea lines be m and n. 
It it required to find a mean prc^xrrtional between m and n. 
On the straight line A E 

take AC = m, and C B = n. 
On A B us a diameter describe a semi-cireuinlerenca. 
At erect the ± C H. 
CH is A mean proportional between m and a. 
Dmw ff B md H A. 
The Z A II B is a rt. Z, § 2(H 

(frej'ii;/ aiicrilxd in a semwin'/c), 
and I/C is a ± let fall from the vertex of a rt. / to the 
hypotenuse. 

.-.AC : CH :: GH : OB, §289 

{theL }et fall from, the mrfex nf the Tt. llothe hi/poCenuae isameanpro- 
portitnial bflweaiihc urgmrnta nf the hypoUniisf). 

Snbstitnto for A C and GB their er|i;als m and n. 

Then m : GH :: on in. „ ^ P 



307. CoROi.LARV. [/from a point in the eircum/erenee a 

pei-pendicular be drawn to the diameter, and ckordt from the point 
to the extremities of the diameter, the perpendicular i» a mean pro- 
portional between the segments of tlie diameter, and each chord is a 
mean proportional between its adjace)it segment and the diameter. 
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Proposition XXVI, Problem. 

SOS. To ditide one tide of a triangle into two parti 
proportional to the other two sides. 




Let ABG be the triangle. 

It is required to divide the tide B C into two such parti thai 
the ratio of these two partu shall equal iJm ratio oftlu ot/itr two 
sides, A C and A B. 

Produce C A io F, making A F = A B. 
Draw Fli. 
Fruin A draw X ^ II to FB. 
E is the division poiut required. 



{a line draicn through two sicks of a A II (o (ft« (hird side divides Ihsie sides 
propartio]! ally). 


Substitute for A F its equal A B. 




Tb-Wb- 


Q. E. F- 


309. CoBOLLAiir. The line A E bisects the p 


^agliiCAn. 


For AF=^ABF, 

(being opposite equal sides). 


5 113 


Z-F-^^ GAB, 
{beingext..int.A). 


§ 70 


ZABF=ZBAE, 

(,Wi«!l <ill.-vU. A). 


§68 


.-.ZCAE^ZBAE. 


Ax. 1 



310. Def. a atraight line ia said to be divi<led in extreme 
and mean, ratio, when the wliole line is to the greater segment 
as the greater segment is to the less. 



GKOMETRT. BOOK ni. 



PROPOsmoN XXVII. Problem. 
311. To divide a given line in extreme and mean ratio. 



-A- 



H b 

Let AB be the given line. 

ft it required to divide A B in extreme and mean ratio. 

At B erect &± BO, equal to one-half of A B. 

Fi-om (7 ns a centre, with a radius equal to C B, describe a ©. 

Since ^ 5 is _L to the radius CB at its extremity, it im 
tangent to the circle. 

Through C draw A D, meeting the circumferenct; in E and D. 

On ^ 5 take X // = ^ E. 

11 is the division point ai A B required. 

For AD : AB :: AB : AE, § 292 

(if from, a point wilhj>ui the circicmferena: a lecanl icnd n (fnuwnf be dmvm, 
tteiangerUisa mcrjn proporliintat belweii Ifte whole secast and the pari 
wUluntt tlu drcvm/tTence). 

Then A B — A B : A B : : A B — A E : A E. §265 
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Since AB= 20B, Cons. 

and I!D = 2CB, 

(the diameter o/aO beitu/ twice the radius), 

AB = ED. Ax. 1 

.■.AD-AB = AD~ED = AE. 
But AE= AH, Cons. 

.■.AD-AB = AH, Ax. 1 

Also AB — AE = AB-AII = HB. 
Substitute these equivalents in the kst proportion. 
Then AH : AB -. -. HB : AH. 

Whence, by invereion, A B : AH -. -. AH . HB. % 263 
.*.. A B ia divided at ZT in extreme and mean ratio. 

Keuare. a B IB said to be divided at H, intemaUi/, in 
extreme and mean ratio. \i BA be produced to H', making 
A H' equal to A D, A B \& said to be divided at H', exfemalli/, 
in extreme and mean ratio. 

Prove AB : AH' : : AH' : H' B. 

When a line is divided internally and externally in the 
samf ratio, it is said to he divided karmonicoMy. 

Thus JB ^ f f ^ is divided harmoni- 

caUy at C and Z>, if C -1 -.OB :7"^': D B ; that is, if tlie ratio 
of the distances of C from A and B is equal to the ratio of the 
distances of B from A and B. 

This proportion taken by alternation gives : 

AC -.AD.BC-.BP; that is, CD is divided harmoni- 
cally at the points B and A. The four points A, B, C, D, are 
called hariaonic pointt ; and the two pairs A, B, and 0, D, are 
called conjugate poinft. 



Ex. 1. To divide a given line harmonically in a given ratio. 
2. To find the locus of all the points whose distances ^from 
two given points are in a given ratio. 
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Proposition XXVIII. Problem. 
312, Upon a given line homologous to a given side <^a 
given polygon, to construct a polygon similar to the given 
polygon. 




Let A' S/ be the given line, homologoas to AE ot the 
given polygon ABODE. 

It is required to conttruct on A' E a polygon similar to the 
given polygon. 

From E draw the diagonals E B and EC. 

From E' draw E B', making A A' E' B' = £ A E B. 

Also from A' draw A' B', making Z. B' A' E' = Z BA E, 

and meeting E' B' at B'. 

The two A ^ S ^ and A' B" E' are similar, § 280 

(iieo & are nmUar if they havt two A of the one equal re^eeHvdy Ui two A 
of the other). 

Also from E' draw E' C", making Z B'EC' = Z BEO. 

From S' draw 5" C, making^ E' B' C = Z EEC, 

and meeting E' C at C". 

Tiien the two A 5' B <7 and E B' C are similar, § 280 

{two A are similar if they have tv.'o A of the one equal respectively to lloo /i 

of ike other}. 

In like manner construct A E' C H' similar ioAECD. 

Then the two polygons are similar, § 293 



.-. A'B'C JyE' ia the reqdredipolygop., , 



EXERCISES. 



1 . A BCia^ triangle inscribed in a circle, and BD is drawn 
to meet the tangent to the circle at A in D, at an angle A B D 
equal to the angte ABC ; show that X (7 is a fourth propor- 
tional to the lines B D, A D, A B. 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut off by a straight > 

'line drawn from the vertex at right angles to the equal side. 

3. AB 13 the diameter of a circle, D any point in the circum- 
ference, and C the middle point of the arc AD. It AC, A D, 
BC he joined and AD cut BC \n E, show that the circle cir- 
cumscribed about the triangle A E B will touch A C and its 
diameter will be a third proportional to BC and A B. 

4. From the ohtuae angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. >: ^ 

6. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to tlie base 
shall have the same latio to the base produced which the per- 
pendicular has to the base itself, 

6. A line touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles, 

7. Kequired the locus - of the middle points of all the chords 
of a circle which pass through a fixed point, > . 

8. ia a fixed point from which any straight line is drawn 
meeting a fixed straight line at P j in P a point Q is taken 
such that OQhio Pm a fixed ratio. Determine the locus 
otQ. " 

9. is a fixed point fcom which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in 7* a point 
Q is taken such that (? is to P \a& fixed ratio. Determine 
thelocusof© ' ,-,■., .^-y^ 



BOOK IV. 

COMPAKISOK AND MRASUEEMENT OF THE STJE- 
TACES OF POLYGOIfS. 

Pbopobitios I. Tbeoreu. 

S13. Two rectangles having equal altiiudes are to each 
other as their bases. 



Let the two rectangles be AC aad A F, having the 
the same altitade A D. 

rect. A C _ AB 
rect. AF~ TE' 
Case I. — When A 3 and A E are commensaTobU. 
Find a common divisor of the bases A B and A E, ba A 0. 
Suppose ^ to be contained in A B seven times and in 
A E four times. 

Then ^. = 1. 

AE 4 

At the several points of division oa A B and A E erect J& , 
The rect, A will be divided into seven rectangles, 
and rect. A F will he divided into four rectangles. 
These rectangles are all equal, for they may be applied to 
each other and will coincide throughout. 

rect J /■ ^ i ' 

But d^ = I. 

AE 4 

. rect ^C _ AB 
" recta/" ~ AE' ,C,OOglc 



COMPAKISON AMD MKASUREHBirT OP POLYGONS, 



Case II. — ffhea A B and A Eare ineommmawraiile. 



Divide A B into any nnmber of equal parts, and apply one 
of tliese parts to A E aa often as it will be contained in A E. 

Since A B and A E are incouimenaurable, a certain number 
of these parts will extend from ^ to a point K, leaving a re- 
niainder K E less than one of these parts. 

Draw KUW io E F. 

Since A B and j1 A" are commenaurable, 
rect. AH _ AK 
rect. AC ~ AB' 

Suppose the number of parts into which X ii is divided to 
he continiiiiliy increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to E. 

The limit oi AK will be A B, and the limit of rect. A H 
will he rect. A F. 

P ^ ^ ...ill v.. -^ E 



Case 1 



,^^„ 



, rect. A H 



are always equal 



Now the variables „„„ 

A B rect. A C 

however near they approach their limits ; 

.-. their limits are equal, mmely, ^^^^lAZ = £^', § 199 
■* rect. XC AB ^ 

Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A D, the altitudes will he AB and 
A E. But we have just shown that these two rectangles are to 
each other as A B \& \a A E. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 



GEOMETEY. - 



Another Demonstration. 
Lei A C and A' C be two rectangles of equal altitudes. 



117 . rect. AC AD 

We are to prove ^ = 

I'ect. A- C A' D' 

Let b aDd b', A' and S' stand for tlie baaes and areas of these 
rectangles respectively. 

Prolong A D and A' D'. 
Take A I>, D E, E F . . . . r 
a.ai A' D', D' E', E'F, PG' . . 
Complete the rectangles as in 

Then base A F ■■ 

and baaeJ'ff'^ 



( ill number and all equal, 
. . M in number and all equal, 
the figure. 



and 



rect. AP = 
•KiA.A'F = 



Now we can prove by superposition, that if jIJ" be > jt' G', 
rect. A P will he > rect. A' P ; and if eqnal, equal ; and if less, 



That ia, if M6 he > 1 
equal ; and if less, less. 



/, mS is > nS; and if equal, 
: S : S', Euclid's Def., § 272 

a-E. D. 
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315. Two Tecia>tfflea are to each other as He products of 
IkeiT bases by their altititdes. 




b 61 b 

Let a aad R' be two rectangles, having tor thelrb&ses 
' h and U, and for their altitudes a and a'. 
R_ ^ a X b 
E' a' X //' 

Construct the rectai^le S, with its liase the same as that 
of R and ita altitude the same as that of E'. 



We a 



Then 

{Ttctanglea having ti 
and 



-, §314 

to each other at their attUvdea) ; 



R' 



(rtdangUs having the same aliiiude are lo each other as their baaea). 
By multiplying these two equalities together 
R _ aX b 
H' ~ a' Xb'' 

Q. E. D. 

316. Def. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Def. The (7rai( n^ ni«M«re (except the acre) is a square 
a side of which is some linear unit ; aa a square inch, etc 

318. Def. Equivalent figures are figures wliich have equal 
areas. 

Rem. Tti comparing the areas of equivalent ^^uies the 
symhol ( = ) is to be read "equal in area." '■.. . .i..A>t)i'glL' 



QEOHBTBY. - 



Proposition III. Theorem. 

319. The area of a rectangle is equal i 
of iU base and altitude. 



the product 




e 



Let R be the rectaiisle, b the base, and a the alti- 
tude; and let U be a square whose side is the 
lineaT unit. 

We are to prove the area of It ^ a X b. 

R ^ aXb 

u I X r 

{two neUnigtea are to each other as the prodva of their bases and allitiulef). 



315 



Bat 



— is the area of B, 

U 

.". the area oi K = aX 



§ 316 



320. Scholium. When the base and altitude are exactly 
divisible by the linear unit, this proposition ia rendered evident 
by dividing the figure into squares, each equtd to the unit of 



I I . I ! I 

raeasute. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the uuit of measure; and the area of 
the figure equals 7 X i. ■ , ^■■•>'^i,.v 



COUFARISON AND MKASUBEMKNT ( 



Proposition IV. Theorem. 



321. The area of a paraUelogram, w equal lo the product 
ofit» base and altitude. 

B E C F B C E 



~b 

Let AE FD he a par&llelogram, A D its b&se, aad CD 

its altitade. 

We are to prove tlie area of the nAEFD = AD X C D. 

From A draw A B W to PC U> meet F£ produced. 

Then the figure ABC D will be a roctai^le, with the same 
base and altitude ss^^O AEFD. 

In the rt. A J £ £■ and CD F, 

AB = CD, 5126 

(ieiiiS opposUt aides of a rectangle). 

and AE = DF, §134 

(irinj opfostie rides o/aCJ); 

.•.AABE = AGDF, § 109 

(lv!o rt. & are equal, tcAsji (Jie hypotenuse aiirf a side of the mu are equal 
respectively to the hypoteniue and a side of the otfur). 

Take away the A C /> /" and we have left the rect. ABCD. 

Take away the A ^ 5.ff and we have left the O AEFD. 

.-. rect. ABC D = CJ A EFD. Ax. 3 

But the area of the rect. ABCD = ADXCD, §319 

(the area of a nctangle equals the produd of its baae and nltUudei. 
.-. iheiiKa.o{ttie[J AEFD = ADX CD. Ax. 1 
Q.e-0. 
322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

333. Cor. 3. Parallel ograma having equal bases are to 
each other as their altitudes ; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other aa the products of their bases by their 
altitudes. "" .^-"w^^.^ 



Proposition V. Theobbm, 



1 of a triangle is equal to one-half of the 
' y it» altitude. 




Let ABC be a triangle, AB its base, and CD its 
altitude. 

We are to prove the area ofth4AABG = ^ASX CD. 
From C draw OH II to -J J. 
Trom A draw AHWioBO. 



The figure ABC His a. parallebgram, 
(having its opposite sides parallel). 



5 136 



and A C ia its diagonal. 

.:AA£C = AAHC, 5 133 

(the diagojuil of a CD divides it into tmro equal A ). 

The area of the H AB CH \s, equal to the product of its 
ise by its altitude. § 321 

.'. the area of one-half the O, or the A ABO, is equal to 
le-half the product of its base by its altitude, 

or, lABX CD. 



325. CoBOLLiRT 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes ; triangles having equal altitudes are to each 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 



327. Thr area of d trapezoid is equal to one-half the 
sum of the parallel slde^lJtMiisUed by the altitude. 




LetABCif be a trapezoid, and EF the alUtade. 

:if prove area of ABC H = is{HC + A B) E F. 
Draw the iJiagonal A C. 
Thei the area of the AAHC='\HCXEF, § 324 
I "ft A is cqutl to oite-half of the prodad, of Us base by its attitude), 
hAtiiearea.uHheAABO = ^ABX E F, § 324 
.■.AAI/a + AABC, 
of, tneAviABCI/=^{HC+ AB) EF. 

' P'2S. Corollary. The area of a trapezoid is equal to the 
proijuct of the line joining tiie miclJle points of the non-parallel 
Bidea multiplied by the altitude ; for the line P, joining the 
middle points of the aon-paraUel sides, is equid to k{HO 
f AB). 5 142 

f .-. by substituting O/" for ^(// (7+ vl 5), we have, 

the area of ABC H=OPX E F. 

329. Scholium. The area 
of an irregidar polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 
diagoual, and to let fall perpendiculars upon this ili^onal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the areas of each oflUiese 
figures may be readily foiiiiii. -■•-•^^ 
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Proposition VII. Theorem. 



330. The area of a circumiCTtbed polygon it equal to one- 
half the product of ike perimeter by the radtui of the in- 
icribed circle. 




Let ABSQ, etc., be a circamscribed polygon, and G 
the centre ot the inscribed circle. 

Denote the perimeter of the polygon by P, and the radius 
of the inacribed circle by £. 

We are to prove 

Ike area of the eirmmarribed polygon ^ \ P X R. 

Draw CA, CB, C S, etc.; 

also draw CO, CD, etc, l.ioAB, BS, etc 

The !,K&oi tht A CAB=^ABX CO, § 324 
(the ana 0/ o A i» equal to ont-half the product of its base and altitude). 

Tbt are& of the A C BS = ^ B S X CD, § 324 

.-. the area of the sum of all the A CAB, CBS, etc., 
='^(AB+ BS, etc.) C 0, § 187 

(Jot CO, CD, etc., are equal, being radii of Oie mme O ). 

Substitute ioi AB + BS+ SQ, etc., P, and for CO, S; 
then the area of the circumscribed polygon ^ ^ P X B. 

Q. E. D. 



COHPAKISON i 



f POLTGOMS. 



Proposition VIII, Theorem. 



331. The aum of Ihe tguares deaeribed on the two sides 
of a right iriangle is equivalent to the square detcribed on the 
hjipotenuse. ^ 




Let ABC be B light triangle with Its right angle at C. 

We are to prove AC" + Cm' = AW 
Draw COXta AB. 

Then nf = AOXA£, 5 289 

(flu aquare on a side of art. i\is cgaal to the product of the hypotenuae by 
Sit a^aceid tegmenl m/vU by ihe A. let fall from the vertex oflheri, Z ) ; 

and FZ-* = BOXAB, § 289 

By adding, Alf + ff(f= {A + BO) A B, 
= ABXAB, 




332. Corollary. The side and <liagoiia1 
of a square are incommenaurable. 
Let ABCD fie a squ&re, and AC the 

diagonal. 

Then XS* + F(f = aO\ 

or, ■ 2 i^ = Alf. 

Divide both sides of the equation by jO*, 

ATT 
Extract the square root of both sides the equation, 

Since the . square root of 2 is a number which cannot bo 
exactly found, it follows that the diagonal and side of a square 
are two ineommensurable Hues, ^~^•'■.'^• 



then 



333. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares oh the other 
two sides. (1 




Let A SO be a light A, b&ving the right angle BAG. 

We are to prove FTf = FX + Jlf. 

On B C, CA, A B construct the squares B E, C H, A F. 



irough A (!raw ALWiaCE. 




Ht&w AD&iidiFC. 




Z B AC k Art. Z, 


Hyp. 


ZBAGisnTt-Z, 


Cons. 


.-. C^ffia a straight lino. 




Z f^/7is3rt.Z, 


Cons. 


■. £^/fis a straight line. 




Z DBC=Z FBA, 

{aichbcingaTl. ^). 


Cons. 

■'■-■A'" 
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Add to each the Z ABC; 
then Z ABD = /:FSC, 

.■.AABD = AF£C. § 106 

Now CD SLh double AABD, 

(Aeing on Iht same base BD, and behceen the lame lit, A L and BD), 

and square AF'is double A FB C, 
(being <m Ou tame haae FS, and betaeen the tame ll», FB and O C) ; 
.: O BL = square A F. 
In like manner, by joining A E and BK, it may be proved 
that 

O C£ = square CH. 
Now the square ou BC = CJ B L + O C L, 

= square AF + square C H, 

.: Flf = Sa' + AX^. 



On Projection. 
334, Dfir. The Prcgection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point 
upon the line AB is the point P. 



R 




ng.a 



The Projectmi of a Finile SfraigU Line, as C D {Fig. 1), 
upon a straight line of indefinite length, as ^ 5, is thp part of 
the line- A B intercepted between the perpendiculars C P and 
D R, let fall from the extremities of the line C D. 

Thus the projection of the line C D upon the line ABh 
the line P R. 

If one extremity of the line C D (Fig. 2) be in the line 
A B, the projection of the line D upon the line ^ J5 is the 
part of the line A B between the point D and the foot of the 
perpendicular G P \ that is, D P. 
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Proposition IX. Theoreil 
335, I« any triangle, the square on the Hde opponte an 
acute angle is equivalent to the mm of the iquaies of ike other 
two sides diminished hy twice tlte product of one of those 
tides and the projection of the other upon that side. 




Let C be an acute angle 0/ the txi&ngle ABC, and 
D C the projection of AC upon B C. 

We are to prove J^ = STf + 10' - 2BC X J>C. 

If n fall upon the base (Fig. 1), 

J)B = BC-DC; 
If D fall upon the base produced (Fig. 2), 

DB = DC-£C. 

In either case ./TB' = .^ + J7V^~2BGX DO. 
Add J^ to both Bides of the equality ; 
ih6n,S^ + ITS' = FTf + Jlf + inf- 2 BOX DC. 

But A7f + 2rff = J^, §331 

{the sum o/lhe squares on lioo sides qf a rt. A isj^ivaltnt to t^ square 
oil tJie hypotenuse) ; 

and Al? + TT& = Al?, % 331 

Substitute ATd and A Q for tlieir equivalents in the above 
equality ; 

then, Al? = Tilf + H? — 2 BOX DO. 



COHFAltlSON AND HEASTTBEUBNT OF POLYGONS. 



Proposition X. Theorem. 

336. In any obtuse triangle, the square on tlte side 
opposite the obtuse angle is equivalent to the sum of the 
squares of the otlter two sides inereased hy twice the product 
of one of those sides and the projectioil of the other on tliat 
side. 




Let C be the obtuse angle of the triangle ABC, and 
CD be the projection oi AC upon BC produced. 

We are to prove JTb' = Sjf + Hf + 2BCX DO. 

I>B^BC+ DC. 

Squaring, IT^ = -ST?" + IHf + 2BC X DC. 

Add /~D to both sides of the equality ; 

then, J^ + IT^ = BD^ + nf + Wlf + 2BCXDC. 

But AD" + ir^ = /£*, § 331 



and JD^ + JTU' = A(f. 

Substitute J~S and Al^ for their equivalents 
above equality ; 

then, jTB" = FTf + r<f + 2BCXDC. 



337. Definition. A Medial line of a triangle is a straight 
line drawn from any vertex of the triangle to the middle point 
of the o 



Proposition XI. Theorxu. 
338. In any triangle, if a medial line be Arawn, from 

the vertex to the base: 

I, Tlie mm of the squares on the ttoo sides is equivalent 
to twice the square on half the base, increased by twice the 
square on the medial line; 

II. The differenhe of the squares on the tieo sides ig 
equivalent f-o twice the prodwct of the base by theprojeetion 
if the medial line upon tlie base. 




In the triemgle ABC let AM be the medial line and 

M D the projection of A M apon the base B C. 

Also let AB be greater than A C. 

We are to jirove 

r. AB" + aV = 2 ^1^ + 2 A^lP. 
II. J^B' — A& =%BCy. MD. 

Since AJ}> AC, the Z A MB wDl be obtuse and the 
A A MG will be acute. 

Then Ji^ ^ Sit -Y rW^ ■\- 'iB'U'K M B, §336 
(in rniy ohtine A th^ square tm (he side opposite /ht obtuse Z. is equivalent to 

the Slim of the squares on the other two sides mcre/ised by twice the 

product of one of those sides ami ttie prtyection of tJie other on that side) ; 

and I7f=^Mlf + AJB^ — 2MCXMD, | 335 

(in. miy A the square on the side opposite an acute L is eqilivalent to the sum 
of the squares os. the Oilier two sides, dimini^ted by tvrice the product 
of one of those sides and the projedimi of the other upon lltat side). 



Add these two equalities, and observe that BM^ MC. 
Then jT^ + Alf = 2 S^^ + 2 J"^l 
Snbtiaot the second equality from the first. 
Then ATff - AC'=2BC X M D. t;-^^.!!^. 
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Proposition XII. Theorem. 
339. The fum of the squares on tlie four sides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times ike square of the line 
joining the middle points of ike diagonals. 




Id the quadrilateral A B CD, let the diagonals be AC 
&nd B D. and FE the line Joining the middle 
points of the diagonals. 

We are to prove 
A~^ + FJf + CI? + dT = Ad^ + SIP + i ET^- 
Draw BEaiiADE. 
Now JCT + mf = 2 (^y + 2 S^, 5 338 

(On mm of the squares on the two sides of a t^ is eqidaaUril to tioice Ike square 
on half the base increased hy twice the square im the medial liiu to the base), 

and (TIP + IjT = 2 {^-^j + 2 ^e\ § 338 

Adding these two eqtialitii^a, 

■ j^ + mf + <n}' + ir^ = \ {^^ + 2 {eh^ + irE\ 

But E~^ + UT^=^ i^y + ^ ^^'* 5 33^ 



Substitute in the above equality for {S^ + ITE^) its 
equivalent ; 
then J^ + 2&= + CT)* + TH* = 4 (i'^' + 4 {^J + 4 W 

= JTD^ + BD^ + 4 -ffT^ 

Q. E. D. 

340. Corollary. The sura of the squares on the four sides 
of a parallelogram is equivalent to the sum of the aquareaon the 
diagonals. '- 



GEOMETRY. - 



Proposition XIII. 



341. Two trianglea having an angle of the one equal to 
an angle of the other are to each otJter aa the product* of the 
sides including the equal angles. 




Lat file tiiaagles ABC and ABU have the common 
angle A. 



'^ 


A A BE abxam:: 


Draw 5 X 






Now 


AA3C AC 
AABE AE' 


§3 


(& having tU la 


nw nUJtude an to m<3i oiker n 


^th^r tales). 


Also 


AABE AS 
AABE AD' 


§3 


(A linx^'tig the aa 


me cdliCv^ are to eaeh ether e 


u their bases). 


Multiply these 






A A BE ADXAE' 








fte.D. 
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Proposition XIV. Theorem. 
342. Similar tnanglet are to each other as the tquares 
on their homologous sides. 




Let the two triangles be AC B aail A'C B'. 

AACB A^ 

A^' 



We 



Then 



§3 



AA'C'B- ' 
Draw the perpendiculars C and C O". 

A ACB ^ ABX CO ^ AB^ ^ C0_ 

AA'C'B' A'^X CO' A'B' CO'' 

(two Si are to each other as the producU of their baaet by their altUvda). 

But ±^-= ^^-, 

A'B' CC 
{the homalogout altUudis ofnmilar Si have the same ratio tu their homalO' 



§297 



gom bases). 



„ 45 . 

■ C 0' ■*■■ A' B' ' 
AB _ JT^ 



vJbyCoOt^lC 
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Pkoposition XV. Theokem. 



343. 7^0 iimilar polygons are to each other aa the 
iquares on ang two homologowt aides. 




Let the two similar polygons be 
A' BO, etc. 

„r . ABC, etc. aT 

We are to pr'we '- = . 

A'B' C", etc _iT^ 

From the homolt^ous vertices A and A' draw diagonals. 

Now ^ = ^ = -^,etc., 

A'£' B'C CD' 
(similar polygons have tkeir hamologom tides proporHtmal) ; 

The AA£C,ACB, etc., are respectively similar to -i'ffC, 
A' C ly, etc, § 294 

{tico gimiiar polygons are composed of the same number of &, similnr io each 
oUier and similarly placed). 

. A ABO __ A-ff 5 342 



(rimilar & are to each other as the squares oa their tumuilogoas lideii, 
AA'C'V QIS' 
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In like manner we may prove that the ratio of any two of 
the similar i& ia the same as that of any other two. 



i\AEF 


AA'E'F' 


AABG 



t^A'B'C AA'C p" £\A'D<E^ 

. AABC + ACD-bABE + AEF 

AA'B'C' + A'C'iy jr A' D' E' + A' E- P ^ A A'B'C' 

in a aeries of equal ratios me sum of the antecedeiUa ia to the mm of the 

eonsequente as imy antccedaU Uloile conaegvenl). 

But AiJC _^ 

AA'B'C py' ' 

<nmtlnr & ors to eocA oCAfr a» Ote sqwira os, their hoToologoua tides) ; 

, the polygon ABC, etc. A Jr 

the polygon A' J? C", etc /'"^ * 



344, Corollary 1. Similsf polygons are to each other aa 
the squares on any two homologous lines. 

345. Cob. 2. The homologous aides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let S anj S' represent the areas of the two similar polygons 
ABC, etc., and A' B' C, etc., respectively. 

Then S : S' :: A^ : A^, 

{similar polygons are to ea<A other as the square) of their honiologima sides). 



y/^ : )/S^ : : A B : A' B', 
AS : A'B' : : \/S : <^/S', 
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On Constructions. 

Proposition XVI. Problem. 

346. To construct a square equivalent to the »um of two 
given squares. 



Let R and £' be two given squares. 

It M required to amstnn^ a iquare = E+ R'. 
Construct the rt. Z A. 

Take A B equal to a side of R, 

and A G equal to a side of R'. 

Drawee. 

Then B will be a side of the square required. 

For ~BC^ = TB^ + T^, 

('Tie square cni the h 



5 331 

xofthe 



Constnict the square S, having each of its sides equal 
to BC. 

Substitute for ST*, A~^ and AJf, A", .fl, and ^ re- 
spectively ; 



.'. S is the square required. 



Q.E.F. 

„CcK,gle 



CONSTKUCTIONS. 



Proposition XVII Pkoblem. 
347. To construct a square equivalent lo the difference 
of tv)0 given square^. 



Let R be the smaUer square and R' the laiger. 
It it required to contlrud a square = If — £. 
Construct the rt. ^ A. 

Take A B equal to a side of R. 

From 5 as a centre, with a radiua equal to a aide of IP, 

describe an arc cutting the line A X ek, 0. 

Then A C will be a side of the square required. 

For draw B C. 

(the sum of the sqaara on the two aides of a rl. /S U eqiiivnUnt to the aqjiare 
on the hypotenitse). 

By transposing, Av ^ BCr — A~a. 

Conatruct the square S, having each of its sides equal \a AC. 

Substitute for aV^, S~D^, and A^, S, R", and R re- 
spectively ; 

then S^R'-R. 

.'. S is the square required. 



Proposition XVIIL Froblbh. 

348. To construct a square equivalent to tie rum of any 
namber cf given square*. 

h 



/ \ 
■1\, \ 



XiOt in, n, o, p, r be sides ot the given sqa&res. 
It is rrquired to construct a square = m' + «* + o* + p* + r*. 
Take AB=m. 

Draw AC = rtAnd±ioASe.tA. 
Drawee. 
Draw (7^ = and I. to 5(7 at C, and draw j5 ^. 
Dtaw B F = p and ± to B E at E, and draw 5/", 
Draw ^ff = r and J. to 5/" at F, and drawls'. 
The square constructed on B ff is the square required. 
For BTP = FT!^ + WT, 

= m'' + WT^ + W^, 

= nP + ET^ + ra' + ^, 

= FH'' + MT + ¥(? + U^-\- r&, § 331 

(lite iwm of Che squares on hno aides of a rt. H^U equivaleiii to Ihe tqaare 
ml the hypolenute). 

Substitute for A£, C A, EC, EF, and FH, m, n, o, p, 
and r respectively ; 

then STl' = m' + n= + o' + /.> + r'. 



CON8TBUCTION8. 



Proposition XIX. 
349. To construct a polygon similar lo two given iimilaf 
polygons and equivalent lo their sum. 




Let R luid W be two similar polygons, and A B and 
A' B' two homologous sides. 

It it required to construct a similar polygon equivalent to 
R+ R'. 

Construct the rt. Z P. 

Take PH = A' £>, smd PO = AB. 

Draw Off. 

Take ^"5"= Off. 

sto AB, construct the polygon R" 



Then R" is the polygon required. 

For E' : E : : A^ : A~^, § 343 

{similar polygons arc lo each olher as the aguares on their homologims aides). 

Also E" : R' :: XTF^ : A^. § 343 

In the first proportion, by composition, 

: A^ + r^ : AT^, § 264 

: PlP + FW : FTP, 
■.HTi' -.nP. 
V : : £rB^-^ : AW, 
: : ffV" : FTP. 
E' :: R' + E : R'i 
.E" = R- + R. ,CooqIc 



'^'^: 
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Pkopositios XX. Pkoblem. 
350. To constrtici a polygon iimtlar to ttoo given similar 



polggon» and equivalent to their diffe 




Let R and R' be two similar polygons, and A £ and 
A'B' two homologous sides. 

It is required to eonalrucl a similar polygon wMck thail 
he equivalent to R' — R. 

Construct the rt. Z. P, 

andtake/'0 = J5. 

From as a centre, with a radius equal to A' B>, 

describe an arc cutting P X &t H. 

Draw OH. 

Take A" B" = P H. 

On A" B", homologous to A B, construct the polygon fl" 

similar to R. 

Then R" is the polygon required. 

For R- : R :: A^ : A^, § 343 

(fimilar polygons are lo cadi other as the squares on their hoTnologmu tides'). 

Also R" : R :: i^^F^ : ATff. § 343 

In the first proportion, by division, 

R'- R : R :: JTS^ - A^ : XW, § 265 

■.■.aii'-uT-.uT, 

But Rf- : R :: A^^W -. J^, 

: : FH'' : <XT. 
.-.R" : R :: R'-R : R; 



■.R"-=R'~R. 



.,,Co(^y:,_ 



CONSTRUCTIONS. 



Proposition XXI, Pkoblem. 
351. To eonttruct a triangle equivalent to 




It 



Let ABO DHE be the given polygon. 

required to conntruct a triangle equivalent to the given 



polffffon. 

From D diaM DE, and from If dv&w UF II to D E. 

Produce AE\a mbet HF at F, and draw D F. 
The polygon ABODE has one side leas than the polygon 
ABO D H E, but the two are equivalent. 

Tor the part J 5 CZ> £ is common, 
and the A i) £^ = A i> £^ ^, for the base DE\& common, 
and their vertices ^and H are in the line FH II to the base, § 325 
(& having the sram base and equal altitudes are equivatenl). 

Again, draw F, and draw DEW to C F to meet A F 
produced at K. 

Draw OK. 



i than the polygon 



The polygon ABO K has one sid* 
ABO D F, but the two are equivalent. 

For the ■^ta.rt A B C F is 

e-ndthe AC FK = A CFD, for the base OF is common, 
andtheirverticesA'and/)areinthelineA'2> II to the base. §325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A C IE. 
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Proposition XXII. Pkoblem. 
352. To construct a square which shall have a given 
ratio to a given square. 



Ir-" 



Lot R be the given sqaare. and - the given ratio. 

It M required to conxtnui a square which shall be to S as 

On a straight line take A£ = m, and BC = n. 

On AO as e. diameter, describe a semicircle. 

At B erect the ± B S, and draw SA and SO. 

Then the A ^ 5(7 is a rt. A with the rt. /. ht S, § 204 

{feiitjr inscribed in a lemicirde. ) 

On SA, or SA produced, take SB equal to a side of H. 

Draw £F II to X C. 

Then SFisa side of the'aquare required. 

(Oie tquara on the sides of a rt. A have the aavie ratio as the segments of the 
hypotenuse made l^ the ± let/all from the vertex of the rt. Z). 

Also ^ =^, §275 

SC SF' 
{a straight line draum through tico sides of a A, parallel to the third side, 
divides those sides proportvmally). 
Sqaare the last equality ; 

th.„ ^ _ ^. 

SV ST ^ , ,_ 

Substitute, in the first equality, for its equal ; 

then = m. — , 

S^i BC n 
that is, the square having a side equal to S F will have the 
same ratio to the square R,a&n has to m. 

Q. E. F. 



CONBTKtrCTrOWS. 



pROPOBiTioH XXIH, Problem. 

353. To ctmsintct a polygon similar to a given polygon 
and having a given ratio to it. 




Let R be the given polygon and - the given ratio. 

It it required to conttnict a polygon similar to R, which 
shall be to E ai nit torn. 

Find a line. A' B", such that the square constructed upon it 
shall be to the square coDstructed upon A B aa n\B to m. § 353 

Upon A' B' as a side homologous to A B, construct the 
polygon S similar to R. 





Then S is the polygon required. 


For 


S A^ , „ . „ 


(similaT pilygons 


07^ to each other as the aqimrsa on their homolog'ms aides). 


But 





GBOUBTBT. - 



354. 

lelogram. 



Proposition XXIV. Frobleu. 

1 comtruci a square equivalent to a given paral- 



Let ABC D be a pai&UelogTom, b Its base, and a its 
altitude. 

It is required to emiMruct a tquare = CD A BCD. 

Upon the line 3iX take MN = a, and JT = B. 

Upon MO &za, diameter, describe & aemicircle. 

AtiVerectiVPXtoiyO. 

Then the square R, constructed upon a line equal to N P, 
is equivalent to the D J 5 (7 J?. 

For MN : NP :: NP ■ NO, § 307 



(o J. let fall from any point of a dmim/erejKe to 

proportiimal letvieen the segmenla of the diameter). 

.■.N^ = MNX NO = aXb, § 259 

(the prcdtKt of the msaiw « eqval to the product of the extremea). 



355. Corollary 1. A square may be constructed equiva- 
lent to •& triangle, by talcing for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. Con. 2. A square may be construct«d equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 



COHSTfiUCTIONS. 



Pboposition XXV. Problem. 

S57. To congtriict a parallelogram equivalent io a given 
square, and having the sum of its base and aliiiude equal to 
a given line. 



~-\ 



-iJV 



Let .E be the given square, and let the sum of the 
base and altitude ol the required parallelogram 
be equal to the given line MN. 

It it required to construct a O =^ B, and having the sum 
of its base and altitude. = M N. 

Upon MN as a diameter, describe a semicircle. 
At M erect a, A- M P, equal to a aide of the given square R, 
Draw PQ Wio MN, cutting the circumference at S. 
Draw SC± to MN. 
Any EJ having C M for its altitude and C N for its base, 
ia equivalent to R. 

For SO is II to PM, §.65 

(ftoo straight lines ± to the same atraiglU lim are II). 

.-.SC^PM, §135 

(III comprehended between lis are equal). 

.■.ST?-m'-E. 

But MC : SC :: SO : CN, § 307 

{a X let fall from any point in a inrcuinference to the diameter is a mean 
proportional between the segments of the diameter). 

Then 8<? = MCXCN, §259 

(fheprodud of the means is equal to thejiroducl of the extremes'). 

Q. E. F. 

358. Scholium. The problem is impossible when the side 
of the square is greater than one-half the line M N". ' 
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Proposition XXVI. Problem. 

359. To conHriici a parallelogram equivalent to a given 
tquare, and having ike difference of itt bale and altitude' 
equal to a given line. 



Let It be the given square, and let the difference of 
the base and altitude of the required parallelo- 
gram be equal to the given line M N. 



LJ = R, mth the difa-i 



It is required to construct c 
of the hose and altitvde = M N. 

Upon the given line J/ JV as a diameter, describe a circle. 

From M draw MS, tangent to the O, and equal to a side 
of the given square R. 

Through the centre of the O, draw SB intersecting the 
circumference at C and B. 

Then any D, as R', having SB for its base and SC for 
its altitude, is equivalent to R. 

For SB : SM :: SM : SO, §292 

[if from a point vnikout a 0, a Secant and a longent be dravni, the tangent u 
a jiKan proporlimml bettnam Ike whole secant and Ok part rniOuyut the Q). 

Tlien SH"^ ^SBX SC; § 259 

and the diiference between SB and SCia the diameter 
of the©, that is. MN. 

4 E. f. 



CONBTEUCnONS. 



Proposition XXVII. Problem. 

Given x = yft, io conatruei x. 



n 



Let m Tepresent the unit ot leagth. 

It i» required to firtd a line which shall represent the square 
root of 2. 

On the mdefinite line A B. take AC = m, and CD = 2m. 

On j1 Z) as a diameter describe a semi-circumferenca 

At C erect e, J- io A S, interaecting the circumference at K 

Then C E ia the line required. 

For AC : CE :: CE : CD, §307 

(fhe X Itt fall from any point in the cireum/erenee to the diameter, it a mean 
proportitmat between the segments of ike diameter) ; 

... C^^ = AC X CD, § 259 

.■.CE=s/ACX CD, 

= \/nr2 = ^2. 



Ex. 1. Given x = ^, y = \J1, s = 2 \/3 ; to construct x, y, 
ind 2. 

2. Given 3 : x : : x : 3 ; to construct x. 

3. Conatruct a square equivalent to a given hexagon. 



QEOHXTBY. B' 



Proposition XXVIIL Pbobl^i. 

361. To construct a polygon similar to a given polygon 
P, and equivalent to a given polygon Q, 





Let P and Q be two given polygons, and AB a side 
ot polygon F. 

It is required to construct a polygon, similar to P and equiva- 
lent to Q. 

Find a equare equivalent to P, § 356 

and let m be equal to one of its sides. ^ 

Find a square equivalent to Q, § 356 
and let n be equal to one of its sides. 

Find a fourth proportional to m, n, and AB. § 30i 

Let this fourth proportional be A'B'. 

Upon A'B", homologous to AB, construct the polygon P 
similar to the given polygon P. 

Then P is the polygon required. 

„ ,..,„,C,oot^lc 





CONSTEUCTION8. 


207 


For 


n A' &' 


Cons. 


Squaring, 


»■ re 




Bui 


P = m^, 


Cons. 


md 




Cons. 


But 


p rff 

F- ATB'' 


§343 


{similar pdygoas reri 


! to each other as the aquarea on their hcmologot 


Kfides)! 




. P P . 


Ax. 1 



Q P' 

" ia equivalent to Q, and is similar to i* by construction. 



4^ Ex. 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 3, and 5. 

-r- 2. Construct a square equivalent to the difference of two 
given squares whose sides are respectively 7 and 3. 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

, 4, Construct a rectangle having the difference of its base and 

/ altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

L 5. Given a hex^on ; to construct a similar hexagon whose 
area shall be to that of the given hexagon as 3 to 2. 
^ 6. Construct a pentagon similar to a given pentagon and 
equivalent to a given trapezoid. 
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Proposition XXIX. Probleh. 

362. To construct a polygon limilar to a given polygon, 
and having two and a Aalftime* it» area. 





Let P be the given polygon. 

It it required to comtruet a polygon similar to P, and 
equivalent to 2J P. 

Let A£he& side of the given polygon P. 
Then \/T : <|/^ : : A B • x, 

or \/2 : y/5 : : A B : X, § 345 

{the homologout mdet of siiailar polygons arelo eack oOier aa the tpiare roota 
of lh£ir areas). 

Take any convenient unit of length, as MC, and apply it 
BIX times to the indefinite line My, 

On MO (^ Z MC) describe a semi-circmnference j 
and on MN^ (= QMO) describe a eenii-eiroumference. 
At C erect a J, to M N^, intersecting the eemi-circumfer- 
ences at D and If. 

Then C -0 is the s/2, and C ff is the v'5. § 360 

Draw C T, making any convenient ^ with C H. 
On (7 r take G E = A B. 
From D draw D E, 
and from tf draw ^r II t* D E. 

...oyGoogIc 



Then G Y will equal x, and be a side of the polygon re- 
quired, homologous to ji -B. 

For CD : CH :: CE : ¥, 5 275 

(a line dravM through two aides of a A, II io tiie third side, divides the two 
sides propoHimuUly). 

Substitute their equivalents for CD, C H, and E ; 
then ^ -.yiZ :: AB : CY. 

On C Y, homol<^ouB to A B, construct a polygon similar 
to the given polygon P ; 

and this is the polygon required. 



Ex. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45' ; what is 
its length between the parallels ) 

a_3- Given an equilateral tri^gle each of whose aides is 20 ; ^__ 
find the altitude of the triangle, and its area. 

3. Given the angle ji of a triangle equal to § of a right 
angle, the angle B equal to ^ of a right angle, and the side a, , 
opposite the angle A, equal to 10 ; construct the triangle, 
w 4. The two segments of a chord intersected by anotber chord 
are 6 and 5, and one segment of the other chord is 3 ; what '■ 
is the other segment of the latter chord 1 
/ 5. If a circle be inscribed in a right triangle : show that 
(Se difference between the sum of the two sides containing the ^ _. 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

I 6. Construct a parallelogram the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

7. Given the difference between the di^onal and side of a 
square ; construct the square. 



BOOK V. 

BEatn-AB POLTGONS AND OmCLEB. 



363. Dbf. a Regular Polygon is a polygon which 
equilateral and eqniangular. 

Peoposition I. Theorem. 



S64. Beery equilateral polygon inscribed in a circle i 
regular polygon. 




Let ABC, etc.. 
in a circle. 



be an equilateral polygon insciihed 



re to prove the polygon ABC, etc., regular. 

The area A B, BC, CD, etc., are equal, 
(m the same O, equal chorda avMejid equal area). 

.: &N&ABC, BCD, etc., are equal, 



S 182 



.'. the A A, B, C, etc., are equal, 
(being iiueribed in equal segments). 

.', the polygon ABC, etc., is a regular polygon, being 
equilateral and eqviiangular. 



EEGULAE POLYGONS AlTD 



Proposition II. Theorem. 
365. I. A circle raay be circumscribed about a regidar 

regular j)o lygon . 



polygi. 

n. A circle may be inscribed 




Let ABGD, etc., be a regular polygon. 

We are to prove that a O may he circumscribed aho 
regidar polygon, and also a O mag be inscribed in this t 
polygon, 

Cabb L — Describe a circumference passing through A, B, 

From the centre 0, draw A, D, 

and draw a J. to chord B G. 

On s as an axis revolve the quadrilateral A Bs, 

until it comes into the plane of OsC D. 

The Hue s B will fall upon e C, 

(for Z. OsB^ ZOaC. both Uing rt. d). 

The point B will fall upon 0, 






^0. 
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The line 5^ will fall upon C A 5 363 

[since Z B — AC, h^ing do/a regular polygon). 

The point A will fall upon D, J 363 

(si'n« B A = CD, being aides of a regular polygon). 
.'. the line OA will coincide with line D, 
(their extremities being the name poiiitf). 
.'. the circumference will pass through P. 
In like manner we may prove that the circumference, pass- 
ing through verticea B, 0, and D will also pass through the 
vertex E, and thus through all the vertices of the polygon in 
succession. 

C SE II — Th d of the r^ular polygon, heing equal chords of 

the umsc bed 0, are equally distant from the centre, § 185 

a rele d mbed with the centre and a radius Os 

vill tou h all th des, and he inscribed in the polygon. § 174 

Q.B.D. 



367. Def. The. Radiut of a regular polygon is the radiua 
A oi the ciicumscribed circle. 

368. Def. Tlie Apoihem of a regular polygon is the radius 
Ot ot the inscribed circle. 

369. Def. The An^U (U the centre is the angle incladed 
by the radii drawn to the extremitiea of any side. 



PBoPoamoK III. Theorem. 

370. HacA angle at the centre of a regular polygon U 

equal to four right angles divided by the number of tides 
of the polygon. 




Let ABC, Btc, be a regular polygon of n sides. 

4rt. A 
We are to prove Z A B ^— ■ 

Cireumacrihe a O about the polygon. 

The A A OB, 30 C, etc., are equal, § 180 

(in tint same O fqwU area subU^d equal /iatth* eeitire). 
.-.the Z AOB^ i rt. A divided by the number of A about O. 
But the number of A about = n, the number of sides 
of the polygon. 

.-.ZAOS' 

Q. E. D. 

371. CoROLLAKT. The radius drawn to any vertex of a 
r^ular polygon bisects the angle at that vertex. 



4 rt. ^ 



BBGITLAR POLYGONS AVP CIBCLKS. 



Proposition IV. Theorem. 
372. Tioo regular polygons of the same number of sides 
■e similar. 




Let Q and Q" be two regular polygons, each having 
n sides. 

We are to prove Q and Q' similar polygons. 

The sum of the interior A of each polygon is equal to 
2rt.^(a-2), 5157 

{tkt mm of the interior A of a polygon is eqxial to 2 rt. A iakeii as ma'ay 
times less 2 as the potygoa has sides). 

Each ^ of the polygon Q = ^"^'^^""^^ . § l''^^ 



Also, each Z of $' = "^ n^^« ^J _ j j 

.-.the two polygons Q and Q' are mutually equiangular. 
Moreover, 



{the sides of a regular polygon are all equat) ; 



A'S' ^ ^ 

Ai. 1 



: 1, § 2 

B'C 



B U B' C 

.". the two polygons have their homologous sides proportional ; 
,*. the two polygons are similar. § 27f 
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Peoposition V, Theorem. 

373. The homologous aides of similar regular polygons 
have th& same ratio as the radii of t/teir circumscrided cir- 
cles, and, also as the radii of their inscribed circlet. 





Let and O" he the centres of the two similar regu- 
lar polygans ABC, etc., and A' B' C, etc. 

. OB', also the 



E and 0' E' are radii of the circumscribed ®, § 3l 
and m and 0' m' are radii of the inscribed ®. § 3) 
ED __ 0.B __ Om 
E'D' ~ (y.'E' ~ Om'' 
Inthe A 0.ffZ)and 0' E' ly 
i},&AOED, ODE, O'E'D'b.M 0' i>' F are equal, 5 31 
Qieing halves of Oie (qual A F E D, EDO, Fi El If ami E' D> (J) ; 



e to prove 





the& OEDmdO'E'D' 


re Bimilar, § 280 


(i/ttcoAhawt 


mdoflhe 


me equal respectively 
are similar}. 


tot-imAofthtoOiir.they 






ED 

E'ly 


OE 
O'E'' 


§278 




imilar & are 




Also, 




ED 

E'D- 


Om 
O'm'' 
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altitudes of 


similar 
gous 


& have the « 
bases). 


xme ratio as their homolo- 
--■■«h^O. 



KEGULAR POLTGONS AS1> C1BCLE6. 



Pkopobition VI. Theorem. 

374. TAe perimeters of similaT regular polygons have 
the tame ratio aa the radii of their circumscribed circlet, and, 
also as the radii of their inscribed circles. 





Let P and P' represeat the perimeters of the tvo 
shnll&i reg^&r polygons ABC, etc., and A'SC, etc. 
From centres 0, 0' draw E, 0' E', and J§ m and 0* m!. 



s of similar polygons have (he n 
gaaa sides). 



OE 

O'E' ' 



ED - 
E'D'' 



§ 295 

JO hoBwlO- 



S373 



(On homologous »ide$ of similar regular polygons have the tame raiio a 
radii of their drcutoicribed ®). 



(fke homologous sides of similar regular polygons have the sotiu ratio a 
the radii of their inscribed <S). 



OE 


Om 

" 0^;. 


Google 

«. E.D. 
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pBOPoaiTioN VIL Theorem. 

375, The circamfereneea of circles have the same ratio 
» Heir radii. 





Let Q and C he the ciicumlerences, R and B' the 
radii of the two circles Q and Q'. 

We are to prove C : C : : E : E'. 

Inscribe in the ® two r^ular polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 
the radii of their circumscribed circles, § 37i 

{(he perimdera of simHar regular polygons have the same ratio aa the radii 
qf their oircuinscribcd ®), 



to the circumferences as their 



and will approach ii 

.". the circumferences will have the same ratio as. the radii 
of their circles, § 199 

.-.C : C :: R : R: 

aE.D. 
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376. CoROUABT. By multiplyiug by 2, both terms of the 
ratio Jt : if,we have 



that is, the circumferences of circles are to each oiher u 
their diameters. 

Since C : C :: 2E : 2R', 



That is, the ratio of the ciicumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter v. 

377, ScnouuM. The ratio jt is incorameDsurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter ff, however, is used to represent its ej:act value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 

2. Show, geometrically, that the square described upon the 
sum of two straight lines is equivalent to the sum of the Sijuares 
described upon the two lines plus twice their rectangle. 

3. Show, geometrically, that the square described upon the 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines minus twice their rectangle. 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 



Proposition VIII. Theobem. 

378. If the number of sides of a regular inscribed poly- 
gon he increased indefinitely, the apothem will he an increas- 
ing variable whose limit is ike radius of the circle. 



In the light tziangle OCA, let OA be denoted by R, 
00 byr, and AC byb. 

We are to prove lim. (r) = R. 

r<R, § 53 

(a ± in the aknrUat dislance from a point to a straight line). 
AdJ R~r<b, § 97 

{oiie side of a A is greater than ike difference nfthe other two eides). 
By increasing the immber of sides of the polygon iniJeli- 
nitely, A B, that is, 2 b, can be made less than any assigned 
quantity. 

.'. b, tke half of 2 b, can be made less than any assigned 
quantity. 

.'. H — r, which is lem than 6, can be made less than any 
assigned quantity. 

.■.lim.(R~r) = 0. 

.-.R-lim. (r) = 0. § 199 

.■.lim.(r)=R. 



L);.i.«.iivt,OOt^k' 



Propositiow IX, Thbobbm. 

379. Tke area of a regular polygon it equal to one-half 
the product of its apotkem by its perimeter. 




Let P represent the perimeter and R the apothem 
ot the regular polygon ABC, etc. 

We are to prove the area of A BC, ac., = \R X P. 

Draw A, OB, 0, etc. 
The polygon is divided into as many A as it htta sidea. 

The flpothem ia the commun altitude of these A, 
and the area of each A is equal to J ^ multiplied by 
the Lase. § 324 

.". the area of all the & is equal \a \R multiplied by the 
sum of all the bases. 



But the sum of the area 
of the polygon, 

and the sum of all the 
perimeter of the polygon. 

.'. the area of the polygon = \Ey. P. 



all the iSv is equal to the area 
;3 of the A is equal to the 



Q. E. D. 

„,C,ooi^lc 
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Proposition X. Theorem. 



380. The area of a circle k equal to one-half the 
product <f itt radius hy its drcumferettce. 




Let B represeat the radius, and G the clrcnmieTance 
ot a- circle. 

We are to prove the area of the cirde = \RX C. 

iDscribe any regular polygon, and denote its perimetei- 
by P, and its apothem by r. 

Theu the area of this polygon =^rXP, § 379 

\fheareao/a regular polygon in equal to mie-hal/ tlu product of Ota^hem 

by the perimeter). 

Conceive the number of aides of this polygon to be indefi- 

uitely increased, the polygon still continuing to be regular and 

inscribed. 

Then the perimeter of the polygon approaches the cireum- 



the apothem, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 
But the area of the polygon continues to be equal to one- 
half the product of the apothem by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the O = J -ff X C. § 199 



KEGDLAB POLYGON a AND CmCLEB. 



.■.C=2TrR. 

In the equality, the area of the O = J ^ X (7, 

substitute 2 tt^ for C; 

then the area of the O = A ^ X 2 n- fl, 

That is, the area o/ o O == t times the gquare on its radiut. 

382. Cor. 2. TA* area of a sector equals J the product of 
its radius by its arc ; for the sector is auch part of the circle na 
its arc is of the circumference. 

383. Def. In different circles similar ares, similar sectors, 
and similar segments, are auch as correspond to equal angles at 
the centre. 

Proposition XI. Theorem. 

384. Two circles are to each other as ike squares on 
tkeiT radii. 



"Let R andR' be the radii of the two circles Q and Q 



W, an to 


P"^ |,-J5- 


, 


Not 


rOT 0/ a O = IT Hm/s the square on. Us radiia). 


§ 381 


and 


Q' = irR^. 


§ 381 


Then 


q'~Vr^''r^' 





385. Corollary. Similar arcs, being like [larts of their re- 
spective circHHiferences, arc to each other as their radii ; similar 
sectors, being like parts of their respective circles, are to each 
other as the squares on tluir radii. !■ t-.OOi^L 



Proposition XII. Theorem, 

386. Similar segmenU are to each other as the squares 
on their radii. c 





Let A C and A' C be the indit at the two similar sag- 
meats ABP aad A'B'P'. 

w . ABP JLI? 

We are to prove = . 

A'B'P- j^^ 

The sectore ACBkoA. A' C B' are similar, § 383 

[having the ^M the centre, C and O, equal). 
In the & ACB&aAA'C'B' 

AC = Z.C', § 383 

{being corresponding A of similar Mdars). 

AC = CB, § 163 

A'C' = C'B'; § 163 

.-. tlie & A C'B and A' C B' are similar, . § 284 

(Raving an Z of Ihe one equal to an Zof tht other, and the inclvdiny sides 

pToportiimal). 

Now sector ACB _ ^ _ ^ 3g5 

sector A'O'B' jr^/' 
(similar sectors are to each other as the squares on their radii) ; 
and A^Ca ^ IV 53,2 

AA'C'S- jrg,'' 
(similar & are to each other as the tquares on fh^r hmnotogout sida). 
Hence ^f^^o' ^C B - A A CB ■ Jlf 

^°'^ sector ^' C" ff - A A' C B' " A^' 
pj. segment A B P _ JTU' » 27] 

segment ^'7J'/" ~ AT^'* ' 
(if two t[uaiUitif.s be infreasednr diminished by like parts of each, OtereaulU 
vHll be in the same ratio as the ijaoniiWfj Ihemselvea). 



EXEBCI3ES. 



1. Show that an ei^uilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd. 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd. 

^ 3. Show that any equiangular polygon circumscribed about a 
circle is r^ular. 
^ i. Show that the side of a circumscribed equilateral triangle 
IS double the side of an inscribed equilateral triangle. 

6. Show that the area of a regular inscribed hexagon is 
three-fourths of that of the regular circumscribed hexagon. 

6. Show that the area of a regular inscribed hex^on ia a 
mean proportioual between the areas of the inscribed and cir- 
cumscrihed equilateral triangles. 

7. Show that the area of a regular inscribed oct^on is equal 
to that of a rectangle whose adjacent sides are equal to the 
sides of the inscribed and circumscribed squares. 

8. Show that tlie area of a regular inscribed dodecagon is 
equal to three times the square on the radius. 

9. Given the, diameter of a circle 50; find the area of the 
circle. Also, find the area of a sector of 80° of this circle. 
iJO. Three equal circles touch each other externally and thus 
inclose one acre of ground ; find the radius in rods of each of 
these circles. ' 

, II. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus tlie square on the side of a regular ijiscribed 
decagon, is equal to the square on the radius. 



GEOMETRY. BOOK 1 



On Constructions. 
Proposition XIII. Problem. 



387. To inscribe a regular polygon of any number of 
»ide» in a ffivea ciri'le. 




Let Q be the given circle, and n the namber ot sides 
of the polygon. 

It is required to irtseribe in Q, a Tegular polygon having n 

Divide the circumference of the into n equal arcs. 
Join the extremities of these arcs. 
Then we have the polygon required. 

For the polygon is equilateral, § 181 

(tn the same O eqaaZ ara art aubUndeii by equal chordii) ; 

and the polygon is also regular, § 364 

(an eqtiilaieral polygon inKiiied tn a O is rtgulaT), 

a. E. F. 



U5.t.z..JbvC,00'^IC 



CONSTRUCTIONS. 



Peopositioh Xrv. Fbobleh. 

388. To imcrihe in a given circle a regular polygon 
which hat double ike number of lidee of a given inscribed 
regular polygon. 




Let A BCD be the given inscribed polygon. 

It it required to inscribe a regular polygon having double the 
number of ndet of A BCD. 

Bisect the arcs A B, BC, etc. 

DiHW AE, EB, BF, etc., . 
The polygon AE BFC, etc., is the polygon required. 

Tor the chorda AB, BC, etc., are equal, § 363 

(fieing sida of a reffiilar polygmC). 

.-. the ares A B, BC, etc., are equal, § 182 

(in Ihe same Q equal chorda subleiid equal area). 

Hence the halves of these arcs are equal, 

or, AE, EB, BF, FC, etc., are equal; 

.". the polygon A EB F, etc., is equOateml. 

The polygon ie also regular, § 364 

(aj» equilaltral pohjgim inscribed in a O is regular) ; 

and has double the number of sides of the given regular 



GEOMETBT. — BOOK T. 



Proposition XV. Probleu. 
889. To inacfihe a »quare in a given circle. 




Let be the centre ot the given circle. 

It ig required to inscribe a square in, Ike circle. 

Draw the two diameters A C and 5 i) X to each other. 

Join AB, BC, CD, and DA. 

Then ABC D\8 the square required. 

For, the^ JJC, BCD, etc., arert. A, § '. 

{being inacrihed in. a semicircle) , 

and the aides A B, BC, etc., are equal, § ] 

{in the aanu O equal area are subtended by equal cKords) ; 

.", the figure A B CD is a square, 5 1 

[having its sides equal and its Art. A\ 



390. Corollary. By bisaeting the arcs A B, BC, etc., a 
regular polygon of 8 sides may be inscribed ; and, by continuing 
the process, regular polygons of IG, 32, C4, etc., sides may be 
inscribed. 



CONSTKUCTIONS. 



Proposition XVI. Problem. 

, To inacrihe in a given circle a regular hexagon. 




Let be the centre of the given circle. 

It it required to imeribe in tJie given Q a regular kexaffon. 

From draw any radius, as OC. 

From C as a centre, with a radius equal to OC, 

describe an arc intersecting the circumference at F. 

Draw Of and CF. 

Then CFJsa side of the regular hexagon required. 

For the A O/'C? is equilateral, Cons. 

and equiangular, § 1 1 2 

.-.theZ /"OCis J of 2rt. .4, or, Jof 4 rt. ^. §98 

.*. the a»c f C is J of the circumference ABC F, 

■". the chord FC, which subtends the arc FC, is a aide 
of a regular hexagon ; 

and the figure C FD, etc-t formed by applying the radius 
six times as a chord, is the hexagon required. 

e, E. F, 

392. Corollary 1. By joining the alternate vertices A, C, 

D, an equilateral A is inscribed in a circle, 

393. Cor. 2. By bisecting the arcs J 5, 5 C, etc., a regu- 
lar poiyfjon of 12 sides may be inscribed in a circle ; and, by 
continuing the process, regular polygons of 24, 48, etc, sides 
may be inscribed. 

,..„.,„ Ccogle 



GEOMETRY. — BOOK V. 



Propositios XVII. Pboblbh. 

To imcribe in a given circle a regular decagon 




Let he the centre ot the given circle. 

It is required to inscribe in the given © o regular decagon. 

Draw the radius C, 
and divide it in estreme and mean ratio, so that C shall 
be to OS^OSisioSG. § 311 

From C as a centre, with a radius equal to S, 
describe an arc intersecting the circumference at B. 

Drawee, B S, and BO. 
Then £ C is a side of the regular decagon required. 
For OC : OS :: OS : SC, Cons, 

and BO =03. Con.<>. 

Substitute for OS its equal B G, 
then 00 : BO :;. BC : SC. 

Moreover the Z C 5 =■ Z 5" (7 5, Iden. 

.-.the A 0(75 and ^(75 are similar, § 28i 



But the A OCBin 
(lis sides O C and O B being radii of the same circle). 

.', the A 5 C S, which is similar to the A CB, is isosceles. 





CONSTKUCTIONS. 


229 


«d 


BS = BG. 


§114 


But 


OS-BC, 


Cons. 




.-.OS-BS, 


Ax. 1 








and 


thtZO-ZSBO, 

{being opptmie equal sides). 


§ 112 



BnttheZ CSB^Z + /. SB 0, § 105 

{the tMerior £.ofal\ ia equal \a the sum of the two opposite inUrior d). 

.-.theZ CSB = 2Z 0. 

ZSCB{=ZCS£) = 2Z0, §112 

and Z0BC{=ZSCB) = 2 ZO. §112 

.-. the sum of the A ot the A OC B = 5 Z 0. 

.-.5 ZO = 2Tt. A, §98 

and Z = i of 2 rt. A, or Vn of 4 rt. A. 

.'. tlie tLic B C is -^ ot the circumferenee, and 

.■. the chord BC isa aide of a regular inscrihed decagon. 

Hence, to inscribe a regular dec^on, divide tlie radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a. chord. 



395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may he inscrihed. 

396. Con. 2. By bisecting the area BC, OF, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, eta, aides may he inscribed. 



GEOMETRY. - 



PROFOaiTios XVIII. Problem. ' 

397, To inscribe in a given, circle a regular pentedecagmi, 
■T polygon of fifteen tidea. 




Let Q be the given cizcla. 

It i« required to inscribe in Q a regular peuteilecigon. 
Draw £ff equal to a side of tt regular inscribed hexagon, § 391 
and Sf equal to a side of a regular inscribed decagon. § 394 

Join Fff. 
Then FH will be a side of a regular inscribed pentedecagoD, 
For the arc SH is ^ of the circumference, 

and the arc £ f is -jij of the circumference ; 
.'. the arc FH is ^ — -^, or -f^, of the circumference. 
.'. the chord FN is a side of a regular inscribed pente- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

aE.F. 

398. Corollary. By bisecting the arcs Fff, HA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 50, 120, etc. sides may 
be inscribed. 



PBOPOsmoN XIX. Problem. 

399. To intcribe in a given circle a regular polygon 
similar to a givyt regular polygon. 





Let A BC D, etc., be the given regular polygon, and 
C'D'£' the given circle. 



It is required to inscribe in C D' E a regiih 


%r polggop- 


similar to ABC D, etc. 




From 0, the centre of the polygon A BOD, etc. 




draw OD and C. 




From C the centre of the O C" B' ff, 




draw 0' 0' and 0' D', 




making the A 0' '= Z. 0. 




Draw G' ly. 




Then CD' will be a side of the regular polygon K 


!quired. 


For each polygon will have as many sides as 


1 the Z 


(= Z. O) is contained times in 4 it. A. 





.'. the polygon C D' E', etc. ia similar to the polygon 
CD E, etc., g 37: 

(h™ Tegular pohjyOHs of lit- same ntimber of sides are simitar). 

a. E. F. 



OEOHETRY. - 



PsoPoamoN XX, Problem. 

lOO. To circumscribe adoul a circle a regular polygon 
similar to a given trtscrided r> 




.C-et HMRS, etc., be a given inscribed regular polygon. 

It is required to circumscribe a regular polygon eimilar 
to HUES, etc 

At the vertices H, M, R, etc., draw tai^enta to the O, 
intersecting each other at A, B, C, etc. 

Then the polygon A BC D, etc. will be the regular poly- 
gon required. 

Since the polygon ABC D, etc. 

has the same number of sides as the polygon HMRS, etc., 

it is only necessary to prove tliat ABC D, etc is a regular 
polygon. ^ § 372 



In the ABHMnndCMR, 



HM= MR, 

{being iidea of a regular jiotygon). 



§363 



„,C,ooijlc 



CONSTEUCTIOSS. 2SS 

the ABUM.BMH, C M R, and B M am eqiial, §209 
(being measured by /lalvea ofeqaal ara) ; 

.■.th.a A BHM aaH C J/ 5 are equal, § 107 

(having a side and two ndjaceat A of the one equal Ttspeclively to a side ami 
two a^jacenl A of the other). 

.-. AB = AC, 

(peing homologous A of equal A]. 

In lite manner we may prove A ^ /. D, etc. 

.'. the polygon A BC D, etc., is equiangular. 

Since the A B H M, C M R, etc. are isosceles, § 241 
{tvio langeaU draunifrom ike same point lo a Oare equal}, 

the aides BH, BM, CM, OS, etc. are equal, 
(bein^ hoawlogoiit aides of equal isosceles A ). 

.-. the sides A £, B C, C D, etc. am equal, Ax. 6 
and the polygon A BCD, etc. is equilateral. 
Therefore the circumscribed polygon is r^ular and similar 
to the given inscribed polygon. § 372 



Ex. Let E denote the radius of a regular inscribed polygon, 
r the apothem, a one side, A one angle, and C the angle at the 
centre ; show that 

1. In a regular inscribed triangle a '= R \/3, r = ^ R, 
A =60°, C= 120°. 

2. In an inscribed square a = ^V2, r = I R V^, A = 90°, 



3. In a regular Inscribed hexagon a = R, r = ^ R ^, 
1 = 120°, (7 = 60°. 

4. In a regular inscribed decagon a =" 5 1 



= 1 R V'lO + 2 V5, A =■ 144°, 



GEOMKTEV, BOOK \ 



Proposition XXI. Problem. 



401, To find the value of the chord of one-half an arc, 
in ierim of the chord of' the whole arc and the radius of the 
circle. 




Let AB be the chord of arc A B and A D the choid 
ot one-halt the arc A B. 

It is required to find the value of A D in termt of A £ and 
R (radiui). 

From D draw D H through the centre 0, 
and draw A. 
// i) is -L to the chord AB a.tiU middle point C, § OO 
{loo poinU, and D, eqitally dislmd from the extremiim, A and S, tie- 
lermim the posilioa of a S, to the middle point of A B). 

The ^ ZT J Z) is a rt. Z, § 204 

(being inscribed in a xinicirch), 

..jnf = DHXDC, §389 

{iM Stuart on one side of art. A is equal to the product of the k;/pottituae by 
the adjacent segment made by the ± let fall from the vertex of the rl. d ). 

Now DH=2R, 

and DC = DO-CO = R-CO; 

.-. J"Z>^ = 2Ii{Ji — CO). 

„ ,..,„, Coo'^lc 



CONSTBUCTIONa. 

ACO is art. A, 

■.OTf-re'-iA?. 



■.co-<J(jrff-rcy 

-xJer-iiAB)', 

7^, 



■■\f^ 



, V* fis - iTB*. 



In the equation Al? = 2R{R— CO), 



substitute for (? its value l^J^ ^JL ■ 

'I 

then £T? = 'LR(n-i±^^^), 

■=2IP-RN'iBi- A~B^\ . 

.■.AD = \J-2m- R NiRi - AJ'\ . 

Q. E. F. 

402. Corollary. If we take tho radius equal to unity, 
tJic equation A J) = JVr' - R NiR^-Als^\ becomes 
AD^Ji-'JV^T^. 

..MjyCOO'^IC 



Proposition XXII. Problem. 
403. To compute ffte ratio of the circumference of a 



circle to iU diameter, approximately^ 




Let C be tbo circjuaference and Ji the x&dius of a 






2-fi' 



when fi = 1, Tr= g- 
« required tofi7id tlie numerical valve o/tt. 
"We luake the following -computations by the i: 



fanimla obtained in the last propositi 


on, 


■n ' 


AB 


= y/2-\^ 


-aA 




■when A Bis 


i a side of a regidar hexagon 




In a polygon of 








sl^ F""" °f Coiui 


jutatloD. 


Length o[ Side. 

.31763809 
.26105238 


Perimoter. 


12 AD = ^2-^i- 


-13 


6.21165708 


2i ^Z) = v'2-v/i- 


-(.51763809)* 


6.26625722 


4^ AD^y/2 — '>/r^ 


-(.26105238)2 


.13080626 


6.27870041 


96 AD^\/2-^/i- 


-(.13080626)5 


.06543817 


6.28206396 


192 JD = V'2-V^4- 


-(.06643817)5 


.03272346 


6.28290510 


384 AI) = ^2-^i- 


-(.03272346)* 


.01636228 
.00818121 


6.28311544 


768 AD = \/2-^i:- 


-(.01636228)2 





Hence we may consider 6.28317 as approximately the c 
cumference of a Q whose radius is unity. 

, , , , C 6.28317 

,'. IT, which equals _ , ^ 

^2 2 

.-.7r = 3.14159 nearly. 



isopegiuetrical foltooks. 23 1 

On Isoperimbtkicai, Polygons. — Scpplementabt, 

404. Def. fioperimetrical figures are ^urea ■which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, .that 
whioh ia greatest is a Maximum, and that which is smallest 
is a Minimum. 

Thiia the diameter of a circle ia the maximum among all 
inscribed straight lines; and a perpendicular is the minimum 
among all straight lines drawn from a point to a given straight 



Proposition XXIII. Theorem. 

406. Of all triangles having two side» reipectively equals 
that in v>kich these sides include a right angle is the maxi- 
mum. 




Let the trtaagles ABC and EBG ha.ve the sides A B 
a,nd BG equal respectively to EB and BC; &ad 
let the angle ABC he a light angle. 

We are to prove AABO ABBC. 
From B, let fall the ± E D. 

The A ABC and EBC, having the sanrebase^C, are to 
each other as their altitudes ABanA ED, § 32G 

<& having the same base are ta each other at their altitudes). 
Now EDia< EB, § 52 

(a i. ia the shortest diataneefrom apoini to a straight line). 
But EB = AB, Hyp. 

.■.ED\&<AB. 
.-.A ABO A EBC. 



GEOHSTRY. - 



Proposition XXTV. Theorem. 

i07. Of all polygoui furmed of tides all given but one, 
the polygon, imcribed in a iemicircle, having the undetermined 
side Jot its diameter, is the 




Let AB, BC, CD, and D E be the sides ot a polygon 
inscribed in a semicircle having A E for its di- 



We are to prove the polygon ABC DE the maximum of 
polygons having the sides A B, BC, G D, and D E. 

From any vertex, as C, draw CA and C E. 

Then the z^ ^ C£ ia a rt. Z , § 204 

(fieiiig inscribed in a eenticiTcle). 

Now the polygon is divided into three parts, ABC, C D E. 
and ACE. 

The parts ABC and CDS will remain the same, if the 
Z A C E he increased or diminished ; 

but the part ACE will be diminished, § 406 

(of all & having (wo jwJm respedively equal, that in tckich lluae aides in- 

elude o )■(. ^ i 



.. ABODE ia the muxiinnra polygon. 



ISOPERIMETSICAL POLYGONS. 



Proposition XXV. 

408. The maximum of aU polygons formed of given sUJei 
can be inscriied in a circle. 




Let ABC BE be a polygon inscribed in a circle, and 
A'&C'D' E' be a polygon, eqailateTal with re- 
spect to ABODE, but which cannot be inscribed 
in a circle. 

We are to prove 

the polyi/on ABC DE> the polygon A' B' C If E'. 

Draw the diameter A H. 

Join CM and DH. 

Upon C ly {=C D) construct the A C H' D' = A C HD, 

and draw A' H'. 
Now the polygon ABC H>%\ve. polygon A' B' C IT, § 407 
(fif all pobjfiinu foi'med of aides nil givtn but one, the polygon iiacribcd i« a 
stmiciTde having ike undeteTmitied side for its diameter, is the tnamtintin). 

And the polygon ^ £/)//> the polygon J' £'/>'ff. § 407 
Add these two inequalities, then 
the polygon ^5C///> A' > the polygon A'B-CH'D'E. 
Take away from the two figures the equal ^ HD and 
C'IPD'. 

Then the polygon ABC DE> the polygon A' S C D' E'. 



GEOMETRY. — BOOK 1 



Pkoposition XXVI. Theorem. 

409, Of all irianglei iaving the same base and equal 
perimeten, the Uoicelet triangle m the maximum. 




Let the AACB and ABB hare equal perimeters, 
and let the A ACB be isosceles. 

We are to prove A A B > A A D B. 

Draw the ^ CBmidBJ^. 

AABD DF ^ 

[Ai having the. same base are to eadi other as their altiCudei). 

Produce AOtoH, making OH = AC. 

Draw HB. 

The Z A BJI ia A Tt.^, for it will be inscribed in the 
semicircle drawn from t? as a centre, with th(; nidius.,Cj5. 



,CCKWL 



ISOPEKIMETRICAL POLYGONS. 241 

Froiu C let faJl the ± GK; 

and from -Z> as a centre, with a radius equal to D B, 

describe an arc cutting fi' 5 produced, at /•. 

Draw i)/* and A P, 

and let fall the ± D M. 

Since AH = AC+CB = AD + I>B, 

and AP<AI)+ DP; 

.■.AP<AD + DB; 

.•.AH>AP. 

.■.BH>BP. §56 

Now BK = ^BH, 5113 

(a X dravm, from the vcrttx of an iaosctlu A bisects the base), 

and BM = ^BP. JU-'* 

But GE = BK, §135 

(lis eomprehendtd bclvecn lis are equal); 

and DF=BM, §136 

.-. CE> DF. 

.■.AACB>AABB. 



U5.t.z..JlvC,OOl^lC 



GEOMETRY. BOOK 1 



Pkoposition XXVII, Theorbjc. 
410. The marimum of isoperimetrical polygoti 
ic number of utiles i» equilateral. 



of the 



Let ABC D, etc., be the maximum of isoperUnetilcal 
polygons of any given number of sides. 

We are to prove AS, BC, CD, etc., equal. 
Draw A C. 

The A A BC must be the maximum of all the A which 
are fonned upon A C with a perimeter equal to that of A ABC. 

Otherwise, a greater A ^ f (7 could be substituted for A vi 5C, 
without changiug the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABC D, etc., is the maximum polygon. 

.'. the AABC,ia isosceles, § 409 

iofall & having (he tame base and equal perimeleri, the isoacela A t» lAe 

In like manner it may be proved that BC = OB, etc 

Q. E. D. 

411. Corollary. Th( 
gona of the same number o 



For, it is equilateral, 
of Uoperimetrical polygons of the a: 



of isoperimetrical poly- 
aides is a regular polygon. 

§ 410 

iMinier of tidee U 
eguilaUraT), 

Also it can be inscribed in a O, 5 ^08 

af all polygons formed of given sidee Can be inacriied in a O). 

Hence it is regular, § 364 

n tquilaieral polygon inscriheil in a O is regular). 



180PEEIMETB1CAL POLYGONS. 



Proposition SXVIII. Theorem. 

412, Of Uoperimetrical regular polygom, thai i»greate»t 
which hat the greatest number of tides. 




Let Q be a regular polygon ot three sides, a-ad Q' be 
a regular polygon of four sides, each having the 
same perimeter. 

We are to prom Q' > Q. 

In any side A £ of Q, take any point D. 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A B and B B make with each 
other an Z equal to two rt. A . 

Then the insular polygon Q, of four aides is less thaji the 
T^ular isoperi metrical polygon 0* "f four sides, § 111 



In like manner it may be shown that Q' is less than f 
regular iaoperimetrical polygon of five sides, and so od. 



413. CoBOLtABY. Of all isoperimetrical plane figures the 
circle is the maximum. 



Pbopobition XXIX. Theorem. 

414. If a regular polygon he constructed toUi a given 
area, iia peHmekr will be the le»3 the greater the number 
of il^ iuh-3. 




Q Q 



Let Q and Q' be regal&r polygons having the same 
area, and let Q' have the greater number of sides. 

We are to prove the perimeter of Q> the perimeter of Q'. 

Let ^' be a regular polygon having the Bame perimeter as 
^, and the same namber of sides aa Q. 

Then Q'\a>Q", § 412 

legreaUitvjMcKhiuOu^eaUat 

;nt Q = <^, 

.: e is > C". 

.*. the perimeter of Q ia > the perimeter of Q". 

But the perimeter of 0* = ^'^ perimeter of ^', 

.■. the perimeter of Qh^ that of ^, 



415. Corollary. The circumference of a circle is leas than 
the perimeter of any other plane figure of equal area. 



vJbyCoOt^lC 



SYMMETRY. 



On Symmetry. — Supplement art. 

416. Two points are Symmetrical when they are situated 
on opposite aides of, and at equal distances from, a fixed point, 
line, or plane, taken as an ohject of r 



417. When a point is taken as an ohject of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Axis of Symmetry; when a plane is taken, it is caUed the 
Plane of Symmetry. 

418. Two points are aynimfecal with re- 
spect to a centre, if the centre bisect the straight 
line terminated by these points. Thus, P, P" 
are symmetrical with respect to C, if (7 bisect 
the straight line P P". 

419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry. 
Thus either CP otCP' ia the radius of symmetry. 



420. Tm> point* are symmetrical with 
respect to an axis, if the axis bisect at right 
angles the straight line terminated hy these . 
points. Thus, P, /" are symmetrical with re- 
spect to the axis XX', if XX' bisect P P' at 
right aiiglea. 



421, Turn points are symmetrical with 
respect to a plane, if the plane bisect at 
■ right angles the straight line terminated by 
these points. Th\is P, P' are symmetrical 
with respect to JfjV, if J/' A^ bisect /•/" at ^ 
right angles. 



422. ?'«- 

its correspondi 
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I plan* figuret are symmetrical with respect tu a 
, or a plane, if every point of either figure have 
ig symmetrical point in the other. 




Thus, the lines A B and A' B' are symmetrical with respect 
to the centre C (Fig. 1), to tlie axis XX' (Fig. 2), to the plane 
MN (Fig. 3), if-every point of either have its corresponding 
symmetrical point in the other. 




Also, the triangles ABD and A' B' D' ate symmetrical with 
respect to the centre C (Fig. 4), to the axis X X' (Fig. 5), to the 
plane M If (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 

423. Dbf. In two symmetrical iigiirea the corresponding 
symmetrical points and lines are call&l homologous. 
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Two symmetrical figurca with respect to a centre t^n be 
brought into coincidence by revolving one of them in its own 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Def. a single figurfe is a ti/tnmelrical figure, either 
when it can be divided by an axis, or plane, into two figures 
symmetrica] with respect to that axis or plane ; or, when it has 
a centre such that every straight line drawn through it cuts the 
perimeter of the figure in two points which are symmetrical 
with respect to that centre. 




Thns, Fig, 1 is a symmetrical figure with respect to the 
axis XX', ii divided by XX' into figures ABC D and AB'C'D 
which are symmetrical with respect to XX'. 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the centre of symmetrt/, or to any 
diameter as the ajw of a\ 
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Proposition SXX. Theorem. 
425, Two equal and parallel lines are gymmetrical wilk 
respect to a centre. 



y^. 



/ 

B 

Let A B and A' B' b» egaal and parallel lines. 

We are to prove A B and A' B' syram^rical. 
Draw A A' and BB", and through the point of tUeir iuter- 
section C, draw any other line HCH', terininated m AB and 
A'B: 

Inthe ACX£and A' B' 

AB = A'B', Hyp. 

alao, A A and B '= A A' and B' respectively, § 68 

(being alt. -inl. A ), 
.-.AOAB^ACA'B'; § l^**" 

.-. CA and CB = C A' and C £' respectively, 
(being homologous side) of equal A). 
Kow in the A A C H And A' CIP 
AC = A'G, 
A A and AO M = A A' and A' Oil' respectively, 

.-.A ACH = AA'CB', § 107 

[kaviiig a side aiid tico adj. A of Ike one equal respectively to a itdt and two 
adj. A of the other). 
.■.CH = CH', 
(being honiotugou) sides of equal A ). 
.'. H' is the symmetrical pwint of H. 
But I{ is any point in AB; 
.-. every point in A B has its symmetrical point in A'B'. 
.'. A B and A' B' are symmetrical with respect to f? as a 
centre of symmetry. 

Q. E. D. 

426. Corollary. If the extremities of one line be re- 
spectively the symmetricals of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. ^...,.-. .C 



Pboposition XXXI. Theokem. 
427. If a figure be symmetrical with respect to two axei 
perpendicular to each other, U is ^/mmetrical w>ith respect 
to their intersection as a centre. 
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Let the figure ABCDEF6H be symmetiical to the 
two axes XX', YY' which inteisect at 0. 
We are to prove the centre of syrametrt/ of the figure. 
Let / be auy point in the perimeter of tlio figure. 
Draw IEL± to A'JT', andIM]V±ti> YY'. 
Join LO, ON, and KM. 
Now KI=KL, §420 

(the figiari leing symmetrical with reject lo X Xl). 
But KI=OM, 5 1^5 

(lis comprehertdsd between \\s are eguaJ), 

.■.KL=OM. Ax. 1 

.-.KLOMie&n, § 136 

(having two rides equal and parallel). 
.'. LO is equal and parallel to KM, % I34 

(fieiiig uppoaite sides of a O). 
In like manner wo may prove if equal and parallel to KM. 
Hence the points L, 0, and JV" are in the same stmight line 
drawn through tlie poiat II to KM. 
Also LO-=ON, 

(since each is equal to KM), 
.-. rtuy straight line LO N, drawn through 0, is bisected at 0. 
.'. is the centre of symmetry of the figure. § 424 
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1. The area of any triangle may be found as follows : From 
half the sum of the three aides subtract fach side aeveially, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle A BC hy a, b, c, the alti- 

, , , .a + b + c, 

tude by p, and — : ■ ■■- by s. 

Show that 
and show that 







Hence, show tliat area of A A Ji C, which is equal to , 

-IV (»+»+«)('+«-») (« + »-«) («-» + •■), 

-V.(.-a)(,-J) (.-«). 
2. Show that the area of an equilateral triangle, e^h side of 

which is denoted by a, is equal to — ~- . 'i -' 



3. How many acres are contained in 

are respectively 60, 70, and 80 chains 1 
i. How many feet are contained in 
which is 75 feet I 



a triangle whose sides 
1 triangle each side of 
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